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Abstract. We construct and study a new family of TQFTs based on nilpotent highest
weight representations of quantum sl(2) at a root of unity indexed by generic complex
numbers. This extends to cobordisms the non-semi-simple invariants defined in [12]
including the Kashaev invariant of links. Here the modular category framework does
not apply and we use the “universal construction”. Our TQFT provides a monoidal
functor from a category of surfaces and their cobordisms into the category of graded
finite dimensional vector spaces and their degree 0-morphisms and depends on the
choice of a root of unity of order 2r. The functor is always symmetric monoidal but for
even values of r the braiding on GrVect has to be the super-symmetric one, thus our
TQFT may be considered as a super-TQFT. In the special case r = 2 our construction
yields a TQFT for a canonical normalization of Reidemeister torsion and we re-prove
the classification of Lens spaces via the non-semi-simple quantum invariants defined
in [12]. We prove that the representations of mapping class groups and Torelli groups
resulting from our constructions are potentially more sensitive than those obtained
from the standard Reshetikhin-Turaev functors; in particular we prove that the action
of the bounding pairs generators of the Torelli group has always infinite order.
1. Introduction
In 1988 E. Witten [72] introduced the notion of Topological Quantum Field Theory,
with path integrals of the Chern-Simons action as motivating example. This was the
starting point of a fascinating interaction between mathematics and theoretical physics,
deeply relating many domains such as knot theory, Von Neumann algebras, Hopf algebras,
Lie algebras and quantum groups, Chern-Simons theory, conformal field theory.
A Topological Quantum Field Theory includes topological invariants of 3-dimensional
manifolds. Following Witten’s ideas, a rigorous construction of such invariants was first
obtained from knot theory and quantum groups by Reshetikhin and Turaev [63]. Then
Blanchet, Habegger, Masbaum and Vogel [8] constructed the whole TQFT using Kauffman
bracket skein model and the so called universal construction. It was further shown by
Turaev [67] that a relevant algebraic structure was that of a modular category. From a
modular category one can derive a Topological Quantum Field Theory and in particular,
invariants of links and 3-manifolds. A modular category has to be semi-simple with finite
set of isomorphism classes of simple objects. In more recent work [69], Turaev has extended
the theory and defined modular G-categories, which are G-graded, to fit with cobordism
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categories of surfaces and 3-manifolds equipped with flat G connection. A modular G-
category still has to be semi-simple and has to satisfy the finiteness condition in each
degree. Significative examples in the context of quantum groups are still to be found.
Other approaches and examples of TQFTs have been produced where the source cate-
gory of surfaces and their cobordisms differs from the standard one by extra decoration or
structure: see for instance [1],[5],[9],[31] and [69]. A purely Hopf algebra approach for non
semi-simple TQFTs was given by Kerler and Lyubashenko in [45]. It would be interesting
to extend this picture to include the family of TQFTs constructed here.
In this paper we build a new series of TQFTs based on nilpotent representations of
quantum sl(2) at a root of unity of order 2r where r ≥ 2, is not divisible by 4. The cor-
responding category is C/2Z-graded with semi-simplicity only in generic grading and the
finiteness only up to tensor action with non trivial 1-dimensional modules. The invariants
of closed 3-manifolds based on these categories have been constructed in [12]. The whole
theory deals with cobordisms equipped with colored graph and compatible cohomology
class over C/2Z, or equivalently C∗ flat connection, satisfying certain generic admissibility
condition. The flat connection gives a local system. The Reidemeister torsion, defined
with certain indeterminacy from the corresponding complex, was normalized by Turaev
using complex spin structures. For r = 2 it is know [54, 71] that the nilpotent quantum
sl(2) invariant of links is a framed version of the multivariable Alexander polynomial. We
show that the closed 3-manifold invariant for r = 2 is a canonical normalization of Reide-
meister torsion for which we get a whole TQFT. For general r, we compute the Verlinde
formulas which give in the generic case the graded dimensions of the TQFT vector spaces.
We may expect an interpretation of those in conformal field theory. This paper also con-
tains several examples and applications, including the construction of new mapping class
group representations which have interesting properties: the action of a Dehn twist on
separating curve has infinite order. Such behavior is in sharp contrast with the usual
quantum representations where all the Dehn twists have finite order. We were not able to
find any elements in the kernel of these mapping class group representations (modulo the
center).
We now give an overview of the construction and results.
1.1. The difficulties of applying the universal construction. Suppose one is given
an invariant Z of closed oriented 3-manifolds with the property that Z(MunionsqN) = Z(M)Z(N).
Then one may try to build a TQFT out of Z as follows. For each oriented surface Σ define
its (infinite dimensional) vector space V (Σ) as the C-span of all the oriented 3-manifolds
bounding Σ, and also V ′(Σ) as the span of all the manifolds bounding Σ (the surface
with opposite orientation). One can define a pairing 〈·, ·, 〉Z : V ′(Σ) ⊗ V (Σ) → C by
〈N,M〉Z = Z(N ◦M) ∈ C. Finally define V(Σ) = V (Σ)/ kerR〈·, ·, 〉Z (where kerR is the
annihilator in V (Σ) of the whole V ′(Σ), i.e. the right kernel of the pairing). Similarly
define V′(Σ) = V ′(Σ)/ kerL〈·, ·, 〉Z . The assignment:
{surface} → {vector spaces}, Σ 7→ V(Σ),
extends to a functor V where cobordisms are sent to linear maps. This functor is called
the universal construction. In [8], it is shown that if the invariant Z behaves well under
1- and 2-surgeries then the functor V gives finite dimensional vector spaces. If moreover
one can show that generators for the vector space associated with a disjoint surface can be
represented by split bordisms, then the functor is monoidal and leads to a finite dimensional
TQFT. The main example of such a TQFT arises from the universal construction applied
to the usual quantum invariant Z coming from a modular category.
NON SEMI-SIMPLE TQFTS 3
The goal of this paper is to use the universal construction to define new TQFTs from
the re-normalized quantum invariants Z constructed in [12]. This is not a straightforward
application of the universal construction because the following difficulties arise:
(D1) Since Z is not just an invariant of a 3-manifold but instead an invariant of an
admissible triple (M,T, ω), the associated TQFT must be define on suitably dec-
orated surfaces and cobordisms. In particular, the surfaces have framed colored
points and a 1-cohomology class. The cobordisms are triples (a 3-manifold M , a
colored ribbon graph in M , a cohomology class ω ∈ H1(M \ T ;C/2Z)).
(D2) The category of modules used to define Z is not semi-simple.
(D3) The invariant Z does not behave well under 1-surgeries (i.e. connected sums).
Overcoming these difficulties resulted in TQFTs that have several useful applications and
novel qualities which we will discuss in the next subsection. Then in Subsection 1.3 we
will discuss how we get over Difficulties (D1)–(D3).
1.2. Main Results. Difficulty (D3) implies that functor V obtained from applying the
universal construction to Z is not monoidal. However, inspired by the construction of
spin TQFT in [9], we show that we can use V to obtain the following theorem which is a
restatement of Corollary 5.5.
Theorem 1.1. For each integer r > 1, the functor V can be upgraded to a monoidal
functor V : Cob → GrVect from the category of decorated surfaces and their decorated
cobordisms (see Subsection 3.3) to the category of finite-dimensional Z-graded C-vector
spaces and their degree 0-morphisms.
When r is even the symmetric braiding on GrVect is non-trivial and coincides with that
of super-vector spaces. So in these cases we obtain a “super-TQFT”. Furthermore, we can
explicitly compute the graded dimension of V(Σ) via a “Verlinde formula” (Theorem 5.9).
The functors in Theorem 1.1 are the TQFTs we study in this paper. They have several
interesting features. First, they depend on a cohomology class ω. In some cases we can
vary values of this cohomology class continuously. This feature is very useful. In particular,
it can be used to study the mapping class group representations associated to the TQFTs
of Theorem 1.1. At this point we do not know if these representations are faithful. We
will now state several results which support this possibility. Let Σ be a decorated surface
of genus g with 1-cohomology class ω.
Theorem 1.2. If r ≥ 3, g ≥ 3 and the value of ω on any non-zero cycle is irrational then
the action of Johnson’s generators of the Torelli groups has infinite order on V(Σ).
The above theorem is a restatement of Theorem 6.9. The following two theorems are
restatements of Theorems 6.17 and 6.28, respectively.
Theorem 1.3. If ω = 0 then the action of a Dehn twist along a separating curve of Σ
has infinite order on V(Σ).
Theorem 1.4. If g = 1 and r = 2 then the mapping class group representation corre-
sponding to V(Σ) is faithful modulo its center.
The above results are to be compared with the known fact that in the standard WRT-
case one gets quantum representations of the mapping class groups in which the order
of the Dehn twists are finite and so which are not faithful (but they are asymptotically
faithful [2], [25]).
Another interesting feature of the TQFTs of Theorem 1.1 is that they place some well
known invariants in the larger setting of re-normalized invariant based on non-semi-simple
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categories. This allows on one side to study some well-known invariants through a new
lens, and on the other side to exploit known results about these invariants to investigate
our TQFTs. We will now discuss three such examples.
First, in Theorem 6.23 we prove that when r = 2 then Z(M, ∅, ω) is equal to a canonical
normalization of the Reidemeister torsion of (M,φω). Here φω ∈ Hom(H1(M,Z),C∗) ≈
H1(M,C∗) ≈ H1(M,C/2Z) corresponds to ω. Note that previously Turaev used a com-
plex spin structure to fix the normalization. Our formula extracts the contribution of
the complex spin structure in Reidemeister-Turaev torsion. An interesting consequence is
that non-semi-simple sl(2) quantum invariants for r = 2 classify lens spaces (see Proposi-
tion 6.24), where the usual semi-simple quantum invariants did not. Thus, for r = 2 our
construction gives a TQFT for Reidemeister torsion.
A second example is a relation of the invariants Z with the Kashaev invariants of knots
in the sphere: indeed when M = S3 and T is a framed knot colored by the “Kashaev-
module” over UHq sl(2) and ω = 0 (for r odd) then Z(M,T, 0) equals Kashaev’s invariant
which is at the base of the formulation of the well known Volume Conjecture. (For generic
ω, Z(M,T, ω) equals the Akutsu-Deguchi-Ohtsuki invariant [3] of T , for a suitable coloring
of T ). As already discussed in [12], our invariants allow an extension of Kashev invariants
to knots and links in any manifold and thus a generalized Volume Conjecture for arbitrary
manifolds. So if we apply the functor V to a surface equipped with the zero-cohomology
class then we obtain a TQFT for these Kashev invariants.
The third example is the Kauffman skein algebra of Σ. We show that a suitable finite
sum of modules V(Σ) is acted on by this algebra (see Subsection 6.5). The existence of
the Kauffman skein algebra in our TQFTs makes it possible to compute a large class of
examples and to make connections with a great deal of previous works.
1.3. Overcoming Difficulties (D1)–(D3). Difficulty (D1): The invariant Z is not de-
fined for any triple (M,T, ω) but instead only for admissible triples (see Definition 2.3).
Basically, a triple (M,T, ω) is admissible if T contains an edge colored by a projective
module of UHq sl(2) or ω is not integral. With this requirement on Z we need to ensure
that the composition cobordisms is always admissible. We solve this problem by requiring
that each component of a cobordism from Σ− → Σ+ which does not touch Σ− is ad-
missible (Definition 3.3). This automatically ensures that when pairing N ∈ V (Σ) with
M ∈ V ′(Σ) via 〈·, ·, 〉Z we obtain a closed cobordism which is admissible. However, the
admissibility requirement breaks the symmetry between Σ− and Σ+ : a manifold repre-
senting an admissible cobordism Σ− → Σ+ need not represent an admissible cobordism
Σ+ → Σ−.
Difficulty (D2): Since the category of modules underlying the construction of the invari-
ants Z is not semi-simple, to determine a basis for the TQFT, we completely classify all
the projective modules of the category and compute their “modified traces”; we decided to
provide all the purely algebraic aspects of our analysis in a forthcoming paper [14], while
here we cite in the Appendix all the facts we will need. Also, it should be noted that the
non-semi-simplicity makes the definition of Z much more complicated and requires new
techniques, see [12].
Difficulty (D3): Since the invariant Z does not behave well under 1-surgeries, then a
manifold bounding a surface contains an essential sphere may not be equivalent in V(Σ)
to the disjoint union of the two manifolds obtained by cutting along the sphere and filling
back by two 3-balls. This is the reason why V is not monoidal, see Proposition 4.18.
We solve this problem by understanding exactly in which cases this cutting and refilling
operation is possible (Proposition 4.8) and in the other cases we replace it by simply
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cutting but not refilling. This automatically leads to the definition of a larger, graded
vector space V(Σ) for any surface Σ (Definition 5.1).
1.4. Further directions of investigation. As described above, plenty of challenging
questions are open by the present work. Let us formulate some of them here:
Question 1.5 (Torelli representations). Let Σ be a closed surface with an irrational co-
homology class ω. For a fixed r ≥ 2 is the representation of the Torelli group on V(Σ)
faithful? If not what is the kernel?
As stated above, when r = 2 the invariants Z coincide (up to some factors) with
the Reidemeister torsion of 3-manifolds equipped with the abelian representation of their
fundamental group associated to ω. So our construction provides a new TQFT for the
torsion:
Question 1.6. When r = 2 is there a relation between V(Σ) and the vector spaces asso-
ciated to Σ coming from the TQFTs defined by Kerler in [44] and by Frohman and Nicas
in [21].
As stated above, when ω = 0 one gets representations of the whole mapping class group
and the invariants (at least for odd r) are related to Kashaev invariants and so, via the
Volume Conjecture to hyperbolic geometry:
Question 1.7 (Kashaev’s TQFTs). Suppose that r is odd and that ω = 0.
(1) Is the action of mapping class group MCG on V(Σ) faithful? If not what is its
kernel?
(2) If φ ∈ MCG(Σ), what is the asymptotic growth rate as r →∞ of the spectral radius
of the operator induced by φ on V(Σ)? In particular, if φ is pseudo-Anosov is this
behavior related to the dilation factor or to the volume of the associated mapping
torus?
Related to the above question is the problem of giving an explicit base of V(Σ) when
ω is integral (we solved this problem in the case g = 1 and when ω is non-integral in
Subsection 6.3). The results of [13] should be a guide to answering the following question.
Question 1.8 (Relation with the standard TQFTs). What is the relation between the
standard Reshetikhin-Turaev TQFTs at level r for Uqsl(2) and V(Σ) when ω is integral?
Finally the category of UHq sl(2)-modules we consider seems similar to the category of
modules over the “triplet vertex algebra W (p)” appearing in the context of logarithmic
conformal field theory [23]. In the standard Reshetikhin-Turaev case at level r the spaces
associated to Σ can be identified with the conformal blocks of the Chern-Simons conformal
field theory at the same level, so it is natural to ask the following:
Question 1.9. Is there a (logarithmic) conformal field theory whose conformal blocks
correspond to our V(Σ)?
1.5. Structure of the paper. Each section is preceded by a summary highlighting the
main points of the section. We strongly advise the reader to read these summaries before
getting to the details of the section. Section 2 recalls the definition of the invariants Z.
Section 3 defines the category of cobordisms Cob and applies the universal construction
to Cob. This section also contains properties of V which can be deduced easily from this
construction. Section 4 studies in depth the properties of V and shows, in particular,
that V(Σ) is finite dimensional, non-monoidal and carries a natural grading. In Section 5,
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we use V to define the monoidal functor V; then we compute the graded dimension of
V(Σ). Section 6 is devoted to providing examples of our construction and contains the
first topological applications of it: in particular, we show that the generators of the Torelli
groups act with infinite order when ω is irrational and relate our construction to the
Reidemeister torsion and to the Kauffman skein algebra. The Appendix contains some
algebraic facts we need in the paper.
2. Invariants of links and closed 3-manifolds
In this section we recall the construction of the invariants Z(M,T, ω) of 3-manifolds
equipped with the datum of a (possibly empty) ribbon graph T and a cohomology class
ω ∈ H1(M \ T ;C/2Z) defined in [12]. (Actually the invariants we will define differ from
the original ones by a re-normalization factor which suits the purposes of the universal
construction.) In Subsection 2.1 we define the category C of modules which we will use
to color the edges of the ribbon graphs in the present paper. In particular we provide the
complete list of all the simple modules of C : particular attention should be given to the
modules Vα and σ
k. In Subsection 2.2 we recall the construction of invariants of C -colored
ribbon graphs in S3 using the modified trace technique. Finally in Subsection 2.3 we recall
the definition of the invariants Z. Special attention here should be payed to the fact that
the invariants are defined only for the set of admissible 3-uples (see Definition 2.3): this
apparently technical point has strong consequences on the structure of our TQFT.
2.1. A quantization of sl(2). Here we give a slightly generalized version of quantum
sl(2). Fix an integer r ≥ 2 which is either odd or 2 times an odd. Let q = epi
√−1
r and
r′ = r if r is odd and r′ = r/2 if r is even. We shall use the notation qx = e
pi
√−1x
r and
{x} := qx − q−x.
Let UHq sl(2) be the C(q)-algebra given by generators E,F,K,K−1, H and relations:
HK = KH, HK−1 = K−1H, [H,E] = 2E, [H,F ] = −2F,
KK−1 = K−1K = 1, KEK−1 = q2E, KFK−1 = q−2F, [E,F ] =
K −K−1
q − q−1 .
In [12], UHq sl(2) is given an explicit Hopf algebra structure. Define U
H
q sl(2) to be the Hopf
algebra UHq sl(2) modulo the relations E
r = F r = 0.
Let V be a finite dimensional U
H
q sl(2)-module. An eigenvalue λ ∈ C of the operator
H : V → V is called a weight of V and the associated eigenspace is called a weight space.
We call V a weight module if V splits as a direct sum of weight spaces and qH = K
as operators on V . Let C be the tensor category of finite dimensional weight U
H
q sl(2)-
modules. The category C = ⊕α∈C/2ZCα is C/2Z-graded where Cα is the category of
modules whose weights are all in the class α (mod 2Z). If V ∈ Cα then we say V is
homogeneous and has degree α. Moreover, the category C is a ribbon category (see [32]).
Every simple module of C is isomorphic to one of the modules in the following list:
• The simple modules Si, for i = 0, · · · , r − 1, with highest weight i and dimension
i+1. These modules are the “standard” simple modules of U
H
q sl(2) used to define
the usual R-T 3-manifold invariant. The degree of Si is i mod 2.
• The one dimensional modules CHkr, for k ∈ Z, where both E and F act by zero
and H acts by kr. The degree of CHkr is kr mod 2.
• The simple modules Si ⊗CHkr, for i = 0, · · · , r − 1 and k ∈ Z \ {0}. The degree of
Si ⊗ CHkr is i+ kr mod 2.
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• The simple highest weight module Vα of highest weight α+r−1 for α ∈ (C\Z)∪rZ.
All of these modules are projective and have dimension r. The degree of Vα is
α+r−1 mod 2. If α+β /∈ Z and α, β ∈ (C\Z)∪rZ then Vα⊗Vβ ' ⊕k∈HrVα+β+k
where Hr = {−(r − 1),−(r − 3), . . . , r − 1}.
Remark that there is a slight redundancy in the above notation as S0 = CH0 , Sr−1 = V0
and Sr−1 ⊗ CHkr = Vkr. In particular, we will denote by σ the module CH2r′ and by σk
the module CH2kr′ . Then Vα+2kr′ = Vα ⊗ σk. In the appendix we describe the projective
indecomposable modules of C .
2.2. Ribbon graphs, the ribbon functor F , and F ′. LetM be an oriented 3–manifold.
A ribbon graph in M is an oriented compact surface in M decomposed into elementary
pieces: bands, annuli, and coupons (see [67]). A coupon is a box with oriented bands rep-
resenting a morphism in C . A C -colored ribbon graph in M is a ribbon graph whose bands
and annuli are colored by objects of C and whose coupons are colored with morphisms of
C (for the most part of this paper the reader can assume that ribbon graphs do not have
coupons). A ribbon graph can and will be identified with a framed oriented link or graph
embedded in M (here the framing can be considered a vector field on the graph which is
nowhere tangent to it).
We now recall the category of C -colored ribbon graphs RibC (for more details see [67]
Chapter I). The objects of RibC are sequences of pairs (V, ), where V ∈ Ob(C ) and  = ±
determines the orientation of the corresponding edge. The morphisms of RibC are isotopy
classes of C -colored ribbon graphs in R2× [0, 1] and their formal linear combinations with
coefficients in C.
Let C¨ = (C \ Z) ∪ rZ and d : C¨→ C∗ be the map given by
(1) d(β) = (−1)r−1
r−1∏
j=1
{j}
{β + r − j} = (−1)
r−1 r {β}
{rβ} .
Let F be the usual ribbon functor from RibC to C (see [67]). Let L be a C -colored
ribbon graph in R3 with at least one edge colored by a simple module V = Vα for some
α ∈ C¨. Cutting this edge, we obtain a C -colored (1,1)-ribbon graph TV whose closure
is L. Since V is simple F (TV ) ∈ EndC (V ) = C IdV . Let < TV >∈ C be such that
F (TV ) =< TV > IdV . Then as shown in [12] the assignment
(2) F ′(L) = d(α) < TV >∈ C
is independent of the choice of the edge to be cut and yields a well defined invariant of L.
In the appendix, we describe the extension of F ′ to C -colored ribbon graph in R3 with at
least one edge colored by a projective module.
A trivalent, oriented framed graph Γ whose edges are colored by C¨ can be seen as a
C -colored ribbon graph as follows (for more details see [12]). To each edge of Γ labeled by
α ∈ C¨ associate the simple module Vα described above. Each Hom(Vα, Vβ⊗Vγ) is either 1
or 0-dimensional. Choose a basis for all these homomorphism spaces as discussed in [12].
To each trivalent vertex of Γ associate a coupon equipped with the appropriate chosen
morphism. This procedure leads to a well defined invariant of trivalent graphs considered
up to isotopy. So when it is convenient, instead of considering C -colored ribbon graphs
we will restrict to C¨-colored oriented framed trivalent graphs.
2.3. The invariants of closed 3-manifolds. In [12], the link invariant F ′ is used to de-
fine an invariant N(M,T, ω) where M is a connected, closed, oriented 3-manifold, T ⊂M
is a (possibly empty) suitably decorated ribbon graph and ω ∈ H1(M \ T ;C/2Z) is a
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cohomology class (where C/2Z is considered as an abelian group), satisfying a compati-
bility condition. The first purpose of this subsection is to introduce the reader to these
objects. Then, we define a new invariant Z which extends N to disconnected manifolds and
differs by a normalization factor. This renormalization insures that the TQFT defined in
Subsection 3.4 has a list of desired properties.
We start by recalling some definitions given in [12]. Let M be a compact oriented
3–manifold, T a C -colored ribbon graph in M and ω ∈ H1(M \ T,C/2Z). Let L be an
oriented framed link in S3 which represents a surgery presentation of M . One defines
a C/2Z-valued map gω on the set of edges of L ∪ T by gω(ei) = ω(mi), where mi is a
meridian of ei oriented so that it bounds a disc whose algebraic intersection with ei is 1.
We shall call gω the C/2Z-coloring of L ∪ T induced by ω.
Definition 2.1. Let M , T and ω be as above.
(1) We say that (M,T, ω) is a compatible triple if for each edge e of T its coloring is
in Cgω(me) where me is a meridian of e.
(2) A link L ⊂ S3 which is a surgery presentation for a compatible triple (M,T, ω) is
computable if one of the two following conditions holds:
(a) L 6= ∅ and gω(Li) ∈ (C/2Z) \ (Z/2Z) for all components Li of L, or
(b) L = ∅ and there exists an edge of T colored by a projective module of C .
Let Hr = {1 − r, 3 − r, . . . , r − 1}. For α ∈ C \ Z we define the Kirby color Ωα as the
formal linear combination
(3) Ωα =
∑
k∈Hr
d(α+ k)Vα+k.
If α is the image of α in C/2Z we say that Ωα has degree α. We can “color” a knot K with a
Kirby color Ωα: let K(Ωα) be the formal linear combination of knots
∑
k∈Hr d(α+k)Kα+k
where Kα+k is the knot K colored with Vα+k. If α ∈ C/2Z \ Z/2Z, by Ωα, we mean any
Kirby color of degree α. Next we recall the main theorems of [12].
Theorem 2.2 ([12]). Let (M,T, ω) be a compatible triple where M is connected. If L is
a link which gives rise to a computable surgery presentation of (M,T, ω) then
N(M,T, ω) =
F ′(L ∪ T )
∆p+ ∆
s−
is a well defined topological invariant (i.e. depends only of the orientation preserving
diffeomorphism class of the triple (M,T, ω)), where ∆+, ∆− are constants given in [12]
(see Equation (6)), (p, s) is the signature of the linking matrix of the surgery link L and
for each i the component Li is colored by a Kirby color of degree gω(Li).
In this paper we will use without further mention the universal coefficients theorem
to identify H1(M \ T ;C/2Z) and Hom(H1(M \ Z;Z);C/2Z). In particular, we will say
that a class ω ∈ H1(M \ T ;C/2Z) is integral if belongs to Hom(H1(M \ T ;Z);Z/2Z).
A cohomology class ω ∈ H1(M \ T, ∗;C/2Z), relative to a finite set of base points ∗, is
integral if its restriction to M \ T is integral in H1(M \ T ;C/2Z). Hence a non-integral
cohomology class takes a value in C/2Z \Z/2Z on the homology class of a closed curve in
M \ T .
Definition 2.3 (Admissible triple). Let (M,T, ω) be a compatible triple where M is
connected. Then (M,T, ω) is said to be admissible if either ω is non-integral or T contains
an edge whose color is a projective module in C . In general, an admissible triple is a
compatible triple such that each connected components is admissible.
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We will now show that the invariant N is defined for an admissible triple (M,T, ω)
where M connected. We have the following two cases:
Case 1: If ω is non-integral then Proposition 1.5 of [12] states that (M,T, ω) has a
computable surgery presentation and we can apply Theorem 2.2.
Case 2: If ω is integral then (M,T, ω) does not have a computable surgery presenta-
tion (unless M = S3). However, since (M,T, ω) is admissible then T has an edge
colored by a projective module P . In this case, we define a new triple (M,T ′, ω′)
where (T ′, ω′) is a local modification of (T, ω) as follows. For any α ∈ C \ Z,
then Vα generates the ideal of projective modules of C and so for any projective
module P ∈ C , there exists a module W ∈ C and morphisms g : Vα ⊗W → P
and f : P → Vα ⊗W such that gf = IdP . Let Γα : (P,+)→ (P,+) be the (1-1)-
ribbon graph given by stacking the coupon colored with g on top of the coupon
colored with f . Then Γα has a component colored by Vα and F (Γα) = IdP .
The modification of T consists in replacing a neighborhood of a part of the edge
colored by P with Γα. There is a unique way to modify locally the cohomology
class ω to a cohomology class ω′ compatible with T ′. This cohomology class takes
the value α ∈ C/2Z \ Z/2Z on the meridian of the edge of Γα colored by Vα.
Hence, (M,T ′, ω′) has a computable surgery presentation. It can be shown that
N(M,T, ω) = N(M,T ′, ω′) is independent of Γα, see Remark 3.4 of [12]. Note that
(M,T, ω) and (M,T ′, ω′) will be called skein equivalent in Section 4.1.
In the present paper we will use a renormalized version of N and extend it to an invariant
Z of (possibly disconnected) admissible triples by
(4) Z(M,T, ω) = ηb0(M)λb1(M)
n∏
i=1
N(Mi, T ∩Mi, ω|Mi) ∈ C
where b0(M) = n is the number of connected component of M , b1(M) is its first Betti
number and Mi is the i
th component of M . The scalars λ and η are given by
λ =
√
r′
r2
and η =
1
r
√
r′
.
Since we plan on using Z to define a TQFT we need it to satisfy certain properties. The
normalization of N ensures these properties. In particular, the choice of η and λ guarantees
that the TQFT has good behavior with respect to the 1 and 2-surgeries (see Propositions
4.8 and 4.9). The invariant Z also satisfies Z(M unionsqM ′) = Z(M)Z(M ′). Finally, if L is a
computable presentation of a compatible triple (M,T, ω) with M connected, then we have
the following useful expression:
(5) Z(M,T, ω) = ηλmδ−σF ′(L ∪ T )
where the components of L are colored by Kirby colors as in Theorem 2.2, m ∈ N is the
number of components of L, σ ∈ Z is the signature of the linking matrix lk(L) and
(6) δ = λ∆+ = (λ∆−)−1 = q−
3
2 e−i(s+1)pi/4 where s is in {1, 2, 3} with s ≡ r mod 4.
Later on we will extend (6) to “extended manifolds” as needed to fix the framing anomaly
(see formula (7)).
3. The universal construction of TQFT
In this section we provide the general framework to which we apply the universal con-
struction for TQFTs. After defining in detail what a decorated surface is in Subsection
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3.1, we define the cobordisms in Subsection 3.2 and finally provide the category Cob to
which our functors will apply in Subsection 3.3. In Subsection 3.4 we apply the universal
construction and define the functors V and V′. The main point of attention here is the
very last point of Definition 3.3 which is needed in order to make sure that when compos-
ing morphisms to get a closed morphism the obtained manifold is admissible according
to Definition 2.3. Because of this requirement, the role in our theory of the spaces V(Σ)
and V′(Σ) is not symmetric. In Subsection 3.5 we prove a list of properties of V and V′
which are basically given “for free” by the universal construction; in particular they are
“lax monoidal” (but not monoidal).
3.1. Decorated surfaces. We define a 2+1-cobordism category of decorated manifolds
(Turaev defined a similar category of “extended” cobordisms in [67]).
Definition 3.1 (Objects). A decorated surface is a 4-uple Σ = (Σ, {pi}, ω,L ) where:
• Σ is a closed, oriented surface which is an ordered disjoint union of connected
surfaces each having a distinguished base point ∗;
• {pi} is a finite (possibly empty) set of homogeneous C -colored oriented framed
points in Σ distinct from the base points, i.e. each pi ∈ Σ is equipped with a
sign, a non-zero tangent vector and a color which is an object of Cαi for some
αi ∈ C/2Z;
• ω ∈ H1(Σ \ {p1, . . . , pk}, ∗;C/2Z) is a cohomology class such that ω(mi) =
αi mod 2Z where mi is the boundary of a regular neighborhood Di of pi. The
meridian mi is oriented in the positive sense (as the boundary of Di) if pi is
negative and in the negative sense if pi is positive
1;
• L is a lagrangian subspace of H1(Σ;R).
The opposite or negative of (Σ, {p1, . . . pk}, ω,L ) is defined as (Σ, {p1, . . . pk}, ω,L )
where Σ is Σ with the opposite orientation, pi is pi with the opposite sign and opposite
vector but same object of C .
Remark 3.2. There is exactly one base point on each connected component of Σ, so
H1(Σ\{p1, . . . pk}, ∗;C/2Z) = H1(Σ\{p1, . . . pk};C/2Z). Also all cohomology classes can
be interpreted as equivalence class of flat C∗-bundles trivialized at the base points (where
C∗ ' C/2Z).
3.2. Decorated cobordisms. With one exception, we orient the boundaries of manifolds
using the “outward vector first” convention. The exception concerns the 0+1-dimensional
strata: the boundary of an edge of a ribbon graph is formed by its set of univalent (framed)
vertices. Such a vertex is oriented by a + sign if its adjacent edge is oriented outgoing
from the vertex and a − sign if its adjacent edge is oriented incoming to the vertex. We
follow here Turaev’s convention (see [67], IV Section 1.5).
Definition 3.3 (Cobordisms). Let Σ± = (Σ±, {p±i }, ω±,L±) be decorated surfaces. A
decorated cobordism from Σ− to Σ+ is a 5-uple M = (M,T, f, ω, n) where:
• M is an oriented 3-manifold with boundary ∂M ;
• f : Σ− unionsqΣ+ → ∂M is a diffeomorphism that preserves the orientation; denote the
image under f of the base points of Σ− unionsq Σ+ by ∗;
• T is a C -colored ribbon graph in M such that ∂T = {f(p−i )} ∪ {f(p+i )} and the
color of the edge of T containing f(p±i ) equals the color of p
±
i ;
1The choice of the orientations here is a consequence of the convention to orient boundaries described
in Subsection 3.2.
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M
Σ+
Σ−
f+
f− ◦ IdΣ−
U V
(U,+)
(U,+)
(V,+) (V,−)
Figure 1. Orientations of a decorated cobordism M : Σ− → Σ+. The
framed graph T is in blue. Its component are colored by the modules U
and V . Here IdΣ− : Σ− → Σ− is the identity, f+ = f|Σ+ and f− = f|Σ− .
The coloring, framing and orientations of the dots of Σ± match those of
T .
• ω ∈ H1(M \ T, ∗;C/2Z) is a cohomology class relative to the base points on ∂M ,
such that the restriction of ω to (∂M \ ∂T ) ∩ Σ± is (f−1)∗(ω±);
• the coloring of T is compatible with ω, i.e. each oriented edge e of T is colored by
an object in Cω(me) where me is the oriented meridian of e;
• n is an arbitrary integer called the signature-defect of M ;
• each connected component of M disjoint from f(Σ−) is admissible2.
Figure 1 illustrates an example of decorated cobordism. We use f to identify ∂+M =
f(Σ+) ' Σ+ and ∂−M = f(Σ−) ' Σ−. We will denote (Σ+, {p+i }, ω|Σ+ ,L+) by ∂+M
and (Σ−, {p−i }, ω|Σ− ,L−) by ∂−M .
We consider decorated cobordisms from Σ− to Σ+ up to diffeomorphism: a diffeomor-
phism
g : (M,T, f, ω, n)→ (M ′, T ′, f ′, ω′, n′)
is an orientation preserving diffeomorphism of the underlying manifolds M and M ′, still
denoted by g, such that g(T ) = T ′, g ◦ f = f ′, ω = g∗(ω′) and n = n′. Remark that up to
diffeomorphism, M = (M,T, f, ω, n) only depends on f up to isotopy.
Notice that the last condition in Definition 3.3 ensures that all cobordisms from ∅ to Σ2
are admissible (as in Definition 2.3). In particular, any closed cobordism (M,T, ∅, ω, n) is
admissible. Hence we extend the definition of Z to closed decorated manifolds as follows:
(7) Z(M,T, ∅, ω, n) := δnZ(M,T, ω)
where δ is given in Equation (6).
Remark 3.4. Two different cohomology classes that are compatible with the same pair
(M,T ) differ by an element of H1(M,∂M ;C/2Z). When this group is zero the compatible
cohomology class is unique.
2Here we extend Definition 2.3 to the case ∂M 6= ∅.
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3.3. The decorated cobordism category. For a symplectic vector space (V, ρ) and a
triple (L−,L ,L+) of Lagrangian subspaces of V the Maslov index is defined as follows
(for details see [67, Section IV.3.5]). For each vector v ∈ L−+L choose a decomposition
v = v−+v0 where v− ∈ L− and v0 ∈ L . For v, w ∈ L+∩ (L−+L ) set 〈v, w〉 = ρ(v0, w).
This assignment is a well defined symmetric bilinear form on L+∩(L−+L ). The Maslov
index µ(L−,L ,L+) ∈ Z is the signature of the bilinear form 〈·, ·〉. The Maslov index is
totally antisymmetric in its entries.
Given a decorated cobordism M = (M,T, f, ω, n), from Σ− to Σ+, let f− = f|Σ− :
Σ− → M and f+ = f|Σ+ : Σ+ → M be the components of f . If L− and L+ are the
Lagrangians of Σ− and Σ+, respectively, then we define two other Lagrangians M∗(L−) =
(f+)−1∗
(
(f− ◦ IdΣ−)∗(L−)
) ⊂ H1(Σ+;R) and M∗(L+) = (f− ◦ IdΣ−)−1∗ ((f+)∗(L+)) ⊂
H1(Σ−;R) where IdΣ− : Σ− → Σ− is the identity. The fact that M∗(L−) ⊂ H1(Σ+,R)
and M∗(L+) ⊂ H1(Σ−,R) are indeed Lagrangians follows from the analysis of the La-
grangian relations induced by f+ and f− (see [67, Section IV.3.4]).
Definition 3.5. For j = 1, 2, let Mj = (Mj , Tj , fj , ωj , nj) be decorated cobordism such
that Σ = (Σ, {pi}, ωΣ,L ) = ∂+M1 = ∂−M2. LetL− andL+ be the Lagrangian subspaces
of the decorated surfaces ∂−M1 and ∂+M2, respectively. The composition M2 ◦M1 is the
decorated cobordism (M,T, f, ω, n) from ∂−M1 to ∂+M2 defined as follows:
• M = M1 ∪Σ M2 is the manifold obtained by gluing ∂+M1 and ∂−M2 through the
map f−2 ◦ (f+1 )−1,
• T is the C -colored ribbon graph T1 ∪{pi} T2 in M ,
• f = f−1 unionsq f+2 ,
• ω is the cohomology class given in Lemma 3.6 below,
• n = n1 + n2 − µ(M1∗(L−),L ,M2∗(L+)) where µ is the Maslov index of the
Lagrangian subspaces of H1(Σ,R).
Lemma 3.6. Let M1,M2, and M = M2 ◦M1 be as in Definition 3.5. We distinguish
here the base points of ∂−M2, Σ, ∂+M1 denoted respectively by ∗2, ∗Σ and ∗1. There
is a unique a cohomology class ω˜ ∈ H1(M \ T, ∗1 ∪ ∗2 ∪ ∗Σ;C/2Z) whose restriction to
H1(Mj \ Tj , ∗j ∪ ∗Σ;C/2Z) is ωj for j = 1, 2. Define ω ∈ H1(M \ T, ∗1 ∪ ∗2;C/2Z) by
restricting ω˜.
Proof. Denote the decorated surface ∂+M1 = ∂−M2 by (Σ, {pi}, ω0,L ). Consider the
relative Mayer-Vietoris exact sequence (see [36] page 204) with coefficients in C/2Z:
· · · −→H0(Σ \ {p1, . . . , pk}, ∗Σ) −→ H1(M \ T, ∗1 ∪ ∗2 ∪ ∗Σ) −→
H1(M1 \ T1, ∗1 ∪ ∗Σ)⊕H1(M2 \ T2, ∗2 ∪ ∗Σ) −→ H1(Σ \ {p1, . . . , pk}, ∗Σ) −→ · · · .
The last map sends the pair (ω1, ω2) to 0; indeed both ω1 and ω2 restrict to the same class
in H1(Σ \ {pi}, ∗Σ) by hypothesis. So there exists ω˜ ∈ H1(M \ T, ∗1 ∪ ∗2 ∪ ∗Σ) mapping
onto (ω1, ω2); moreover, this lift is unique because H
0(Σ \ {pi}, ∗Σ) = 0 (since there is
exactly one base point in each component of Σ). 3.6
Remark 3.7. In this remark we give a description of the kernel of the map (ω1, ω2) 7→ ω
given in Lemma 3.6. Excision gives canonical isomorphisms
H0(∗Σ;C/2Z) ∼= H0(∗Σ ∪ ∗j , ∗j ;C/2Z) ∼= H0(∗Σ ∪ ∗1 ∪ ∗2, ∗1 ∪ ∗2;C/2Z).
With the sequences of the triples (Mj \ Tj , ∗Σ ∪ ∗j , ∗j) and (M \ T, ∗Σ ∪ ∗1 ∪ ∗2, ∗1 ∪ ∗2)
it gives maps δj : H
0(∗Σ;C/2Z) → H1(Mj \ Tj , ∗j ∪ ∗Σ;C/2Z) and δ : H0(∗Σ;C/2Z) →
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H1(M \ T, ∗Σ ∪ ∗1 ∪ ∗2;C/2Z). In particular, the long exact sequence with δ gives
0 −→ H0(∗Σ) δ−→ H1(M \ T, ∗Σ ∪ ∗1 ∪ ∗2) −→ H1(M \ T, ∗1 ∪ ∗2) −→ · · ·
ω˜ 7→ ω
Hence two compatible cohomology classes ω1, ω
′
1 on M1 (respectively ω2, ω
′
2 on M2) lead to
the same cohomology class ω on M2◦M1 if and only if ω′2 = ω2+δ2(ϕ) and ω′1 = ω1+δ1(ϕ)
for the same ϕ ∈ H0(∗Σ;C/2Z).
As we now explain, decorated surfaces and cobordisms form a tensor category Cob.
The objects of Cob are decorated surfaces and morphisms are diffeomorphism classes of
decorated cobordisms. The composition is given in Definition 3.5. The tensor product
of Cob is given by the disjoint union: if Σj = (Σj , {pji}, ωj ,Lj), for j = 1, 2, are two
decorated surfaces then define Σ1 ⊗Σ2 as (Σ1 unionsqΣ2, {p1i } unionsq {p2i }, ω1 ⊕ ω2,L1 ⊕L2). Here
the ordering of the components of Σ1 unionsq Σ2 is obtained by putting those of Σ1 first then
those of Σ2. In particular, Σ1 unionsq Σ2 6= Σ2 unionsq Σ1 but they are isomorphic. Similarly,
if Mj = (Mj , Tj , fj , ωj , nj), for j = 1, 2, are two cobordisms then define M1 ⊗ M2 as
(M1 unionsqM2, T1 unionsq T2, f1 unionsq f2, ω1 ⊕ ω2, n1 + n2) (often, for the sake of clarity we will write
M1 unionsqM2 instead of M1 ⊗M2). The composition of cobordisms is given in Definition 3.5.
It is known that such a composition is associative: the integers decorating 3-manifolds
can be interpreted as the signature of a 4-manifold bounding them. The correcting term
in the gluing of these manifolds reflects the defect of additivity of the signature by Wall’s
formula (see [67, Theorem IV.4.1.1]). The associativity of gluing of 4-manifolds ensures
that the above definition gives an associative composition law. For a direct algebraic proof
of this associativity see [67] (in particular, Lemma IV.3.7).
In the following paragraphs, we detail two special classes of morphisms of particular
interest.
3.3.1. Mapping cylinders. Let Σ = (Σ, {pi}, ω) be the data of a decorated surface without
a Lagrangian. Then given a Lagrangian L ⊂ H1(Σ,R), we denote ΣL as the deco-
rated surface (Σ, {pi}, ω,L ). The cylinder LL ,L ′ := (Σ × [0, 1], {pi} × [0, 1], Id×{0} unionsq
Id×{1}, pi∗(ω), 0), where pi : Σ × [0, 1] → Σ is the projection, defines a canonical isomor-
phism ΣL ' ΣL ′ .
If f : Σ1 → Σ2 is a diffeomorphism of decorated surfaces (in particular, f∗(L1) = L2),
the mapping cylinder of f is the decorated cobordism from Σ1 to Σ2 given by Mf =
(Σ2× [0, 1], {p2i }× [0, 1], f ×{0} unionsq Id×{1}, pi∗(ω2), 0). The mapping cylinder construction
is functorial: Mf ◦Mg = Mfg. The diffeomorphism class of Mf only depends of f up to
isotopy; in particular, the mapping cylinder construction gives a group morphism from the
Torelli group of (Σ, {pi}) to the automorphisms of the decorated surface (Σ, {pi}, ω,L ).
3.3.2. Degree cylinders. In Section 4, we will use the following special cylinders to define
a degree on our TQFT. For a decorated surface Σ and ϕ ∈ H0(Σ,C/2Z), we define
(8) IdϕΣ = (Σ× [0, 1], {pi} × [0, 1], Id×{0} unionsq Id×{1}, pi∗(ω) + ∂ϕ, 0) : Σ→ Σ
where the cohomology class ∂ϕ is the unique cohomology class which is 0 on cycles and
whose value on the class of the relative path {∗} × [0, 1] is ϕ(∗). More precisely, let ∗i be
the set of base-points on Σ×{i}. Then for cohomology with coefficients in C/2Z we have:
H0(Σ) = H0(∗1) = H0(∗0 unionsq ∗1, ∗0) ∂−→ H1(Σ× [0, 1] \ {pi} × [0, 1], ∗0 unionsq ∗1)
where the map ∂ is part of the long exact sequence associated to the triple (Σ× [0, 1], ∗0 unionsq
∗1, ∗0). Remark that as ∂ϕ is zero on meridians of {pi} × [0, 1] then pi∗(ω) + ∂ϕ is a
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compatible cohomology class. Furthermore, the mapping ϕ 7→ IdϕΣ is a group morphism
H0(Σ,C/2Z)→ AutCob(Σ) i.e. Id0Σ = IdΣ and IdϕΣ ◦ Idϕ
′
Σ = Id
ϕ+ϕ′
Σ .
3.4. The TQFT functor V . Let Σ be a decorated surface. Define
V (Σ) = SpanC{decorated cobordism from ∅ to Σ}
V ′(Σ) = SpanC{decorated cobordism from Σ to ∅}.
Clearly V (Σ) ⊂ V ′(Σ) and we have the pairing:
〈·, ·〉V (Σ) : V ′(Σ)× V (Σ)→ C given by (M1,M2) 7→ Z(M1 ◦M2).
Let V(Σ) be the vector space V (Σ) modulo the right kernel of 〈·, ·〉V (Σ). Similarly, let
V′(Σ) be the vector space V ′(Σ) modulo the left kernel of 〈·, ·〉V (Σ). If W ∈ V (Σ) then
we will represent it image in V(Σ) by [W ].
The pairing 〈·, ·〉V (Σ) induces a non degenerate pairing 〈·, ·〉Σ : V′(Σ)×V(Σ)→ C. The
results above imply that the following assignment determine a functor V:
{decorated surface} → {vector spaces}, Σ 7→ V(Σ),
{decorated cobordisms} → {linear maps}, M 7→ V(M)
where V(M) : V(∂−M) → V(∂+M) is given on the class [W ] of W ∈ V (∂−M) by
V(M)([W ]) = V(M ◦W ).
Remark 3.8. Although the above definitions of V and V ′ seem symmetric they are not
because of the very last condition in the definition of cobordisms (Definition 3.3). More
explicitly, the manifolds in V should all be admissible but the manifolds in V ′ are not
necessarily admissible. This is one of the new features of the theory introduced in the
present paper.
3.5. V is lax monoidal. Recall that Cob is the category of decorated cobordisms defined
in Sections 3.1 and 3.2. The category Cob is a strict symmetric monoidal category where
the tensor product is given by the disjoint union, the unit is the empty decorated cobordism
and the symmetric braiding is given by the trivial cobordism τunionsq : Σ1 unionsqΣ2 → Σ2 unionsqΣ1. We
have the following:
Proposition 3.9. For any decorated surfaces Σ1,Σ2, the disjoint union induces a well
defined injective map
(9)
· unionsq · : V(Σ1)⊗ V(Σ2) → V(Σ1 unionsq Σ2)
[M1]⊗ [M2] 7→ [M1 unionsqM2].
A similar statement holds for V′.
Proof. LetMi ∈ V (Σi). If [M1] = 0 then for anyN ∈ V ′(Σ1unionsqΣ2) we have 〈N,M1 unionsqM2〉 =
〈N1,M1〉 = 0 where N1 = N ◦ (IdΣ1 unionsqM2) ∈ V ′(Σ1). Similarly, if [M2] = 0 then [M1 unionsq
M2] = 0. This prove that · unionsq · : V(Σ1)⊗ V(Σ2)→ V(Σ1 unionsq Σ2) is well defined.
To prove injectivity, remark that the restriction of 〈·, ·〉Σ1unionsqΣ2 to (V(Σ1) unionsq V(Σ2)) ⊗
(V′(Σ1) unionsq V′(Σ2)) is a non-degenerate pairing given by the product of the two non-
degenerate pairings 〈·, ·〉Σ1 and 〈·, ·〉Σ2 . Thus, an element in the kernel of unionsq is in the
right kernel of 〈·, ·〉Σ1〈·, ·〉Σ2 and so is zero. 3.9
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It is clear that unionsq is a natural transformation satisfying the strict associativity constraints
and the unitality constraints associated to the map C ∼→ V(∅). Nevertheless, · unionsq · in
Equation (9) is not a natural isomorphism and in general, V(Σ1) ⊗ V(Σ2) 6' V(Σ1 unionsq Σ2)
(for example, see Proposition 4.18(2)). Thus V fails to be a (strong) monoidal functor :
these kind of functors are sometimes called lax monoidal.
Definition 3.10. Let M1 and M2 be linear combinations of decorated cobordisms. We
will say that M1 is equivalent to M2 and will write M1 ≡M2 if for any decorated cobordism
M ′, one has V(M1 unionsqM ′) = V(M2 unionsqM ′) as linear maps.
Clearly, M1 ≡ M2 =⇒ V(M1) = V(M2) but as V is not monoidal, the converse is
not true. Proposition 4.18(2) will show that for some decorated surfaces Ŝ±k, one has
V(IdŜk) = 0 because V(Ŝk) = {0} but IdŜk 6≡ 0 as V(IdŜk unionsq IdŜ−k) 6= 0.
Definition 3.11. Let Σ be a decorated surface. We say that Σ is admissible, if each of
its connected component Σi satisfies at least one of the conditions: 1) the restriction of
the cohomology class to Σi is non-integral or 2) Σi has a point marked with a projective
module of C .
Remark 3.12. If Σ− is admissible then V ′(Σ−) ' V (Σ−). Furthermore, if M : Σ− → Σ+
is any decorated cobordism with Σ− admissible, then M can be seen as an element of
MV ∈ V (Σ+ unionsq Σ−). Indeed MV : ∅ → Σ+ unionsq Σ− satisfies the last axiom of Definition 3.3
since the components of M that intersect f(Σ−) are automatically admissible as Σ− is
admissible.
Lemma 3.13. Let Σ− be an admissible surface and let M : Σ− → Σ+ be a (linear
combination of) decorated cobordism. Let MV be the element of V (Σ+unionsqΣ−) corresponding
to M , described above. Then
[MV ] = 0 ∈ V(Σ+ unionsq Σ−) =⇒ M ≡ 0.
Proof. The fact that Σ− is an admissible surface implies that the cylinder IdΣ− = Σ− ×
[0, 1] can be also seen as a decorated cobordism C from ∅ to Σ− unionsqΣ−. The same cylinder
can also be seen as an element C ′ : Σ− unionsq Σ− → ∅ and it holds
V
(
(IdΣ− unionsqC ′) ◦ (C unionsq IdΣ−)
)
= V(IdΣ−).
Then MV = (M unionsq IdΣ−) ◦ C ∈ V (Σ+ unionsq Σ−). Now assume that [MV ] = 0 and let
M ′ : Σ′− → Σ′+ be any decorated cobordism, then for any N ∈ V (Σ− unionsq Σ′−), we have
V(M unionsqM ′)([N ]) = [(M unionsqM ′) ◦N ] = V(IdΣ+ unionsqC ′ unionsqM ′)([MV ] unionsq [N ]) = 0 3.13
4. Properties of the TQFT functor V
This section contains the main technical results concerning the functor V and the con-
travariant functor V′. Before getting to the details, let us give an overview of the main
ideas and results of the next subsections.
In the standard Reshetikhin-Turaev TQFT, one of the main ideas is that, even if the
vector space associated to a surface is formally spanned by all the manifolds bounding it,
one can actually restrict only to one such manifold at the cost of allowing links inside the
manifold. This leads directly to the definition of the Kauffman skein module, which then
surjects onto the standard TQFT vector spaces.
Something similar happens in our case. Subsection 4.1 is devoted to formalize the
notion of skein module of a fixed manifold and showing that for a connected surface
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Σ, the skein module S(M,Σ) of a connected manifold bounding Σ surjects over V(Σ).
The technicalities in this subsection are due to the fact that our cobordisms are not
just manifolds but decorated ones, so roughly speaking S(M,Σ) is a suitable quotient of
the span of all the decorated cobordisms (possibly containing ribbon graphs, and with
any compatible cohomology class) bounding Σ whose underlying 3-manifold is M . The
quotient is generated by local relations (as in the standard case) and a new kind of relations
of non-local nature which we called σ-equivalence. In particular we show that the skein
module of a handlebody is finite dimensional. Also, pay attention to the fact that in order
to apply a skein relation in a ball, one must make sure that the complement of the ball is
admissible according to Definition 2.3 (see Remark 4.1).
Subsection 4.2 shows that if two manifolds are related by a connected sum of a particular
kind (taking into account the ribbon graphs in the manifolds) then their images by V are
proportional. The limit of this statement is due to its hypotheses and it is the technical
reason why many difficulties arise later on: essential spheres in manifolds cannot be cut
and filled by balls unless some conditions are satisfied. On contrast, Subsection 4.3 is
devoted to show that if two manifolds are related by 2-surgeries then their skein modules
generate the same space in TQFT (see Proposition 4.11).
Then in Subsection 4.4 we show that if Σ is connected then V(Σ) is finite dimensional.
The guiding idea is similar to the standard one: a manifold bounding a connected surface is
related by 2 surgeries to a handlebody and so its class in V(Σ) equals the class of a certain
skein in the handlebody. But since the skein module of a handlebody is finite dimensional
also V(Σ) is. A key point in the above argument is that we could use only 2-surgeries:
this accounts for the hypothesis Σ being connected. Showing finite dimensionality of V(Σ)
without this hypothesis will require more work.
In Subsection 4.5 we focus on some important examples: when Σ is a sphere three points
pi whose colors are V0, V0 and σ
n and the class ω determined with these colors. We call
these decorated surfaces Ŝn. They play a key role in our constructions as they provide the
first examples showing that V is not monoidal: indeed we show that V(Ŝk) = 0 (if k 6= 0)
but V(Ŝk unionsq Ŝ−k) is one dimensional. As stated above, the origin of this is the fact that
“cutting along essential spheres” is not always allowed, and this is the simplest example of
this phenomenon. Actually we show that in general this cutting problem reduces exactly
to the presence of some sphere Ŝk embedded in a cobordism. In this section we also
introduce natural cobordisms which we call “pants” Pk+lk,l : V(Ŝk unionsq Ŝl) → V(Ŝk+l) and
similar morphisms “upside down” Pk,lk+l.
Subsection 4.6 contains the main result of this section, Theorem 4.26 which roughly
states that for a disconnected surface Σ = Σ1 unionsq . . . unionsq Σn every element of V(Σ) is the
image of some elements not of ⊗iV(Σi) but of ⊗iV(Σi unionsq Ŝki) for some finite set of integers
ki. This, together with a direct analysis of V(Σi unionsq Ŝki) allows to prove that V(Σ) is
finite dimensional in general. The key idea here is that if a manifold bounding Σ cannot
be reduced via surgeries to a disjoint union of manifolds bounding the components Σi
separately, this is due to the presence of some essential sphere Ŝk: instead of cutting and
filling it, we then just cut along it, and get a manifold in V(Σ unionsq Ŝk unionsq Ŝk).
The final Subsection 4.7 prepares to the next section. Its goal is to use the degree
cylinders defined in Subsection 3.3.2 to let H0(Σ;C/2/2Z) act on V(Σ). The spectral
decomposition of this action yields a grading which turns out to be integer-valued. This
grading allows to re-understand the non-monoidality of V: the image of the map unionsq :
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V(Σ1) ⊗ V(Σ2) → V(Σ1 unionsq Σ2) is exactly the degree 0 part of V(Σ1 unionsq Σ2), but in general
non-zero degree parts may exist.
4.1. Skein modules. The Reshetikhin-Turaev functor F assigns morphisms in C to C -
colored ribbon graphs in R2 × [0, 1]. A linear combination of graphs whose value by this
functor is zero defines a skein relation. We are going to consider skein modules which are
the span of all graphs in a fixed manifold modulo certain skein relations.
Let Σ be a decorated surface. Let M and M ′ be oriented 3-manifolds (with no decora-
tion) which bound Σ and Σ, respectively. Let V (M,Σ) be the subspace of V (Σ) generated
by decorated cobordims whose underlying 3-manifold is M . Similarly, let V ′(M ′,Σ) be
the subspace of V (Σ) generated by decorated cobordims whose underlying 3-manifold is
M ′.
Let U = ((U1, ε1), . . . , (Un, εn)) be a sequence of homogeneous modules Uk ∈ C and
signs εk ∈ {±1} such that F (U) ∈ C0¯. Let S2U be the sphere S2 ' C∪{∞} with framed dots
{pk}k=1,...,n where pk is colored by (Uk, εk) and the dot pk ∈ S2 ' C ∪ {∞} is positioned
at the point k ∈ C and the framing points in the positive imaginary direction. Since
F (U) ∈ C0¯ then S2U admits a unique compatible cohomology class in H1(S2 \{pi},C/2Z).
With the zero Lagrangian, S2U = (S
2, {pk}, ω, {0}) is a decorated surface.
Choose an embedding f : B3 → R2 × [0, 1] identifying R+ ⊂ C ⊂ S2 with R+ × {0} ×
{1} ⊂ R × R × [0, 1]. If ρ ∈ V ′(B3, S2U ) then f(ρ) is a C -colored ribbon graph with n
strands meeting the boundary in R+ × {0} × {0}. Consider the following map:
(10) F : V ′(B3, S2U )→ HomC (F (U), I) given by ρ 7→ F (f(ρ)).
Let RU be the kernel of this map. The module RU does not depend of f .
Let R be the span in V (M,Σ) of the elements of the form (ρunionsq IdΣ) ◦M ′ where M ′ is a
decorated cobordism from ∅ to S2U unionsqΣ, U is a tuple and ρ ∈ RU such that (ρunionsq IdΣ)◦M ′ ∈
V (M,Σ). We say that x, y ∈ V (M,Σ) are skein equivalent if they differ by an element of
R.
Remark 4.1. Here topologically M ′ = M\B3. A simple way to construct skein equivalent
elements is to fill this B3 in two ways with two elements of V ′(B3, S2U ) whose difference
is in RU . Also, for M
′ to be a decorated cobordism it must be admissible (as in the last
point of Definition 3.3). This implies that before applying a skein relation one must always
make sure that the complement of the ball where the move is applied is admissible.
Let N ∈ V (M,Σ) such that T = T ′ ∪K where K is a framed oriented knot colored by
σ. Let N ′ be the same decorated cobordism with K removed (remark that the cohomology
class ω of N is zero on the meridian of K thus ω induces a cohomology class on N ′). Let
R′ be the span in V (M,Σ) of elements N ′ − (−1)r−1q−2r′ω(KP )N where KP is a parallel
copy of K and N and N ′ are any decorated cobordism as described above. We say that
x, y ∈ V (M,Σ) are σ-equivalent if they differ by an element of R′.
Extending V by linearity we have a map V : V (M,Σ)→ V(Σ).
Proposition 4.2. The submodules R and R′ are in the kernel of V.
Proof. Equation (4) implies we can assume that M is connected. Let us prove that R is
in the kernel. First, consider an element X in R of the form (ρunionsq IdΣ) ◦M ′ where ρ ∈ RU
and M ′ ∈ V (∅, S2U unionsqΣ) are as described above. We will show that for any M ′′ ∈ V ′(Σ) it
holds Z(M ′′ ◦X) = 0.
Here M ′′ ◦ X = ρ ◦ N where N = (IdS2U unionsqM ′′) ◦M ′ is an admissible cobordism. So
it suffices to compute Z(ρ ◦ N,T, ω) where T and ω are the C -colored ribbon graph and
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cohomology class of the cobordism ρ ◦ N . The graph T = f(ρ) ◦ T ′′ where T ′′ = T ∩ ρ.
Since ρ is a ball then there exists a surgery presentation L ⊂ S3 of (ρ ◦N,T, ω) such that
T ′′ ∪ L is in the lower hemisphere of S3 and f(ρ) is in the upper hemisphere of S3. We
will assume that ω is non-integral, otherwise a similar argument works after modifying
the triple (ρ◦N,T, ω) as discussed after Definition 2.3. Following the proof of Proposition
1.5 in [12] we can slide a generically colored edge over the components of L to make it
computable. Since f(ρ) contains no surgery components this can be done completely in
the lower hemisphere of S3 and thus not touching f(ρ).
To show Z(M ′′ ◦X) = 0 it is enough to see that F ′(L∪T ′′) = 0. To compute F ′(L∪T ′′)
we choose a (1,1)-ribbon graph TVα obtained by cutting an edge e of L ∪ T ′′ colored by
Vα for some α ∈ C¨. Then since f(ρ) is in the upper hemisphere of S3 we have
F (TVα) = (IdVα ⊗F (f(ρ))) ◦ g
where g is a morphism from Vα to Vα ⊗ F (U). But F (f(ρ)) = 0 as ρ ∈ RU implying
F (TVα) = 0. Thus, F
′(L ∪ T ′) and Z(M ′′ ◦ X) are both zero. Finally, since a general
element of R is a sum of elements of the form considered above and V is linear we have
that R is in the kernel of V.
Next, let us prove that R′ is in the kernel. Let N ∈ V (M,Σ) be such that T =
T ′ ∪K where K is a framed oriented knot colored by σ, and N ′ be the same decorated
cobordism with K removed. For any M ′′ ∈ V ′(Σ) we will show that Z(M ′′ ◦ N ′) =
(−1)r−1q−2r′ω(KP )Z(M ′′ ◦N), where KP is a parallel of K. If V ∈ Cα then we have
(11) F
 σ V
 = q2r′αF
 σ V
 , F
 σ  = (−1)r−1.
So unlinking K from the surgery diagram of M ′′ ◦ N and then removing it the resulting
invariant changes by an overall factor (−1)r−1q2r′ω(KP ): indeed one can check that the
value ω(KP ) is the “C/2Z-valued linking number of K with the surgery link,” for a
detailed proof, see [12], Lemma 4.7. This concludes as the result is a surgery diagram
of M ′′ ◦N ′. 4.2
Definition 4.3 (Admissible skein modules). A C -colored ribbon graph in a 3-manifold is
admissible if at least one of its edges is colored by a projective module. If M is connected,
let VA(M,Σ) be the subspace of V (M,Σ) generated by cobordisms (M,T, ω) where T is
admissible. In general, if M =
⊔
iMi where Mi are the connected components of M then
let VA(M,Σ) =
⊔
i VA(Mi,Mi ∩ Σ). Define S(M,Σ) as the admissible skein module:
S(M,Σ) = VA(M,Σ)/(VA(M,Σ) ∩ (R+R′)).
Proposition 4.2 implies that V induces a map
(12) V : S(M,Σ)→ V(Σ).
Next, we define a mapF# which is kind of dual to the mapF defined in Equation (10).
Let (S2U , {pk}, ω,L ) be the decorated surface defined as above. Choose an embedding
g : B3 → R2 × [0, 1] identifying R+ ⊂ C ⊂ S2 with R+ × {0} × {1} ⊂ R × R × [0, 1]. If
ρ ∈ V (B3, S2U ) then g(ρ) is a C -colored ribbon graph. Consider the following map:
(13) F# : V (B3, S2U )→ HomC (I, F (U)) given by ρ 7→ F (g(ρ)).
Lemma 4.4. If F (U) is projective in C , then F# induces an isomorphism:
S(B3, S2U )→ HomC (I, F (U)).
NON SEMI-SIMPLE TQFTS 19
B0
B1
B2
Figure 2. A slice of a handlebody bounding a genus 3 surface with
3 framed dots containing Γ. The five cutting discs are represented as
horizontal lines in red. The dual graph is in blue. Here a slice of the three
balls B0, B1 and B2 are represented in gray.
Proof. First, let us show that F#|VA(B3,S2U ) is surjective. To do this consider the ribbon
graph ΓU : U → U in R2× [0, 1] composed of two coupons colored by the identity of F (U)
related by a straight strand colored by F (U):
schematically for n = 4, ΓU = F (U)
Id
Id
.
The Reshetikhin-Turaev functor sends this graph to the identity of F (U). Let G ∈
HomC (I, F (U)). The C -colored ribbon graph ΓU ◦ g(G) is admissible because it con-
tains an edge colored by the projective module F (U). Then (B3,ΓU ◦ g(G), (g|S2)−1, 0, 0)
is an element of VA(B3, S2U ) which is mapped to G under F
#.
Next we will show that the kernel of the morphism F# is exactly R+R′. The module
R ⊂ V (B3, S2U ) is generated by elements of the form (r unionsq IdS2U ) ◦ M ′ where r ∈ RV ,
M ′ ∈ V (S2×[0, 1], S2V unionsqS2U ) and V = ((V1, ε′1), . . . , (Vn, ε′n′)) is a sequence of homogeneous
modules Vi ∈ C with signs ε′i ∈ {±1}. Clearly F# sends such elements to morphisms
of HomC (I, F (U)) that factor through the zero morphism of HomC (I, F (V )) where V =
((V1,−ε′1), . . . , (Vn,−ε′n′)). Thus, R is contained in the kernel of F#.
Next, let N be in the kernel of F# then N can be represented by a linear combination
T of admissible C -colored ribbon graphs from ∅ to U in R2× [0, 1]. Since F (ΓU ) = IdF (U)
and the graphs in T are admissible we have that T is skein equivalent to T ′ = ΓU ◦ T ,
see Remark 4.1. Let U = ((U1,−ε1), . . . , (Un,−εn)). Now we can represent the element
T ′ ∈ V (B3, S2U ) as the composition of two cobordisms: the first goes from ∅ to S2U unionsq S2U
and is topologically S2 × [0, 1] containing ΓU ; the second is the cobordism S2U → ∅ which
is a ball containing the dual T ∗ ∈ RU of the ribbon graph representing T . Thus, T ′ ∈ R
and T − T ′ ∈ R so T ∈ R. (Notice that here we used the fact that F (U) is projective in
order to state that the first cobordism is admissible!). To conclude observe that since we
are working in B3 the relations in R′ are contained in those of R. 4.4
Proposition 4.5. Let Σg be a connected decorated surface of genus g and let Hg be a
handlebody with boundary Σg. Then S(Hg,Σg) is a finite dimensional complex vector
space.
Proof. We will describe a cell decomposition of Hg into three 3-balls B0, B1 and B2 ob-
tained by cutting it along g + 2 disks {Dk}g+1k=0 with ∂Dk ⊂ Σg. The disc D0 obtained by
pushing interior of a disc in Σ containing all the points {pi}ni=1 into Hg. The ball B0 is
formed by cutting along the disc D0. Hence B0 contains the points {pi}ni=1. Cutting B0
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out of Hg yields a handlebody of genus g, which we decompose into the union of two 3-balls
B1, B2 glued to each other along disjoint disks D1, . . . Dg in their boundaries. Consider
an uncolored ribbon graph Γ which is dual to this cell decomposition described as follows.
Each of the 3-balls B0, B1 and B2 contains a coupon with n + 1, g + 2 and g + 1 legs,
respectively. The n points {pi} are connected to n of the legs in the coupon in B0. The
final leg in the coupon in B0 is connected to a leg in the coupon in B1 (intersecting the
disk D0 once). For 1 ≤ k ≤ n, the kth leg in the coupon in B2 is connected to a leg in
the coupon in B1 in such a way that it intersects the boundary of B1 exactly once in the
disk Dk. An example of a projection of Γ in handlebody with 3 holes and 3 framed points
is given in Figure 2. Next we show that S(Hg,Σg) is generated by all C -colorings of Γ.
We will complete the proof by showing that actually only finitely many of these colorings
generate S(Hg,Σg).
Let T be an admissible graph in Hg. Up to entangling T in Hg by an isotopy, we
can suppose that each disc Dk intersects at least one edge of T which is colored by a
projective module. We now modify T in a neighborhood of Dk for which we have chosen
an orientation: we can assume that T intersects Dk transversally on colinear C -colored
dots forming a sequence U = ((U1, ε1), . . . , (Un, εn)) of homogeneous modules Ui ∈ C
with signs εi ∈ {±1} given by the orientations of the edges. As at least one of the Ui is
projective thus the tensor product F (U) is projective. Hence this module splits as a direct
sum of indecomposable projective modules Wα. So there exists maps fα : F (U)→Wα and
gα : Wα → F (U) such that IdF (U) =
∑
α gα◦fα. This implies that a tubular neighborhood
of the oriented disc Dk which consists in a cylinder containing n-strands colored by the
Ui is skein equivalent to the sum of graphs :
∑
α
gα
fα
Wα.
We do this substitution for all discs Dk and we obtain a skein equivalent element con-
sisting of graphs T ′ which meet each Dk on a unique edge ek colored by a projective
indecomposable module Wk. Now we can use Lemma 4.4 and replace the content of each
3-ball by a skein equivalent coupon. Thus any element of S(Hg,Σg) is equal to a linear
combination of colorings of Γ where the edge ek intersecting Dk is colored by an indecom-
posable projective module Wk and the coupons are colored by some morphisms living in
the finite dimensional space HomC (I,W1⊗ · · ·⊗Wg+1), HomC (W1⊗ · · ·⊗Wg+1,W0) and
HomC (W0,
⊗
iXi) ' HomC (I,W ∗0 ⊗
⊗
iXi) where Xi is the fixed color of pi. To finish
the proof, we now show that one can restrict the coloring of the edges to a finite set of
indecomposable projective modules.
Let αk = ω([∂Dk]) where ω is the cohomology class of Σg. The compatibility condition
for triples implies that the color of ek is an object of Cαk . Fix a finite set {P jk} of
representatives of the σ-orbits of indecomposable projective modules of Cαk (i.e. any
indecomposable module of Cαk is isomorphic to P
j
k ⊗ σn for some j and some n ∈ Z).
For k = 1, . . . , g, we can now add to the graph a σ-colored curve made of two unknotted
strands respectively from Dk to Dk+1 in one 3-cell and from Dk+1 to Dk in the other 3-cell.
The union of this curve with a coloring T of Γ is σ-equivalent to T and is skein equivalent
to a coloring T ′ of Γ where the projective modules Wk and Wk+1 of T have been replaced
by Wk ⊗ σ and Wk+1 ⊗ σ−1. Doing this, we see that any coloring of Γ is proportional
in S(Hg,Σg) to a coloring where W1, . . . ,Wg belong to the finite set {P jk}: we are left to
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show that then also W0 and Wg+1 must range in a finite set. Now pick such a coloring
and assume the coupons are colored by non zero morphisms. We use the fact that these
morphisms are H-linear maps to restrict the range of W0 and Wg+1 to a finite set. Indeed,
for all but finitely many n ∈ Z, the weights of W j0⊗σn are disjoint from those of
⊗
iXi and
so HomC (W
j
0 ⊗ σn,
⊗
iXi) = {0}. Similarly, for all but finitely many n ∈ Z, zero is not a
weight of W1 ⊗ · · · ⊗W jg+1 ⊗ σn thus HomC (I,W1 ⊗ · · · ⊗Wg ⊗W jg+1 ⊗ σn) = {0}. 4.5
For any α ∈ C, the subset α + 2Z of complex numbers is naturally totally ordered by
comparing the real parts. Hence a homogeneous module V ∈ Cα has a lowest weight that
we denote by lw(V ) ∈ α+2Z and a highest weight hw(V ) ∈ α+2Z. If Σ = (Σ, {pi}i, ω,L )
is a decorated surface where pi is decorated by a module Vi ∈ C , then we set lw(Σ) :=
lw(
⊗
i Vi) and hw(Σ) := hw(
⊗
i Vi).
Lemma 4.6. Let Σg be a connected decorated surface of genus g and let Hg be a handlebody
with boundary Σg. Then lw(Σ) and hw(Σ) are even integers. Furthermore S(Hg,Σg) = 0
unless
lw(Σ) ≤ 4(g + 2)(r − 1) and hw(Σ) ≥ −4(g + 2)(r − 1).
Proof. We use the notation of the proof of Proposition 4.5. First remark that ∂D0 is a
bounding curve in Σ\{pi} thus [∂D0] = 0 and α0 = 0. This implies that the set of weights
of
⊗
i Vi is included in 2Z so lw(Σ),hw(Σ) ∈ 2Z. Now for any coloring of Γ, W0 and
W1 ⊗ · · · ⊗Wg+1 also belong to C0. Then, by Proposition A.1, we have that hw(W0) ≤
lw(W0)+4(r−1) and similarly, hw(W1⊗· · ·⊗Wg+1) ≤ lw(W1⊗· · ·⊗Wg+1)+4(g+1)(r−1).
Assuming that the coupons of the coloring are colored by non zero morphisms, then for
each ball in the decomposition of Hg as in the proof of Proposition 4.5 we have two
inequalities:
B0 : hw(
⊗
i Vi) ≥ lw(W0) lw(
⊗
i Vi) ≤ hw(W0)
B1 : hw(
⊗
k≥1Wi) ≥ lw(W0) lw(
⊗
k≥1Wi) ≤ hw(W0)
B2 : hw(
⊗
k≥1Wi) ≥ 0 lw(
⊗
k≥1Wi) ≤ 0
As a consequence, we have that hw(
⊗
i Vi) ≥ −4(g + 2)(r − 1) and lw(
⊗
i Vi) ≤ 4(g +
2)(r − 1). Indeed by the relations B2 we have that
0 ≤ hw(W1 ⊗ · · · ⊗Wg+1) ≤ lw(W1 ⊗ · · · ⊗Wg+1) + 4(g + 1)(r − 1)
and so lw(W1 ⊗ · · · ⊗Wg+1) ≥ −4(g + 1)(r − 1). Hence hw(W0) ≥ −4(g + 1)(r − 1). But
hw(W0) ≤ lw(W0) + 4(r − 1) so lw(W0) ≥ −4(g + 2)(r − 1). One concludes using the
relations coming from B1. (A similar argument shows the inequality for lw(Σ).) 4.6
Lemma 4.7 (Adding typical colors). Let α be any element of C¨ = (C \ Z) ∪ rZ then the
skein module S(M,Σ) is generated by the set of decorated cobordisms containing a ribbon
graph with an edge colored by Vα in each connected component of M .
Proof. Let Mi be the connected components of M . By definition S(M,Σ) is generated
by cobordisms (M,T, ω) such that T ∩Mi is admissible for each i, i.e. each component
Mi has an edge colored by a projective module Pi. Let T be such a graph. Consider
the epimorphisms fi : Vα ⊗ V−α ⊗ Pi → Pi given by the evaluation morphism tensor the
identity. Since Pi is projective the morphism fi has a left inverse gi, i.e. fi ◦ gi = IdP .
Thus, for each connected component Mi, we can replace a small portion of the edge colored
with Pi by two connected coupons colored with gi and fi. The obtained graph has an
edge colored by Vα in each connected component and is skein equivalent to T . Thus, in
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S(M,Σ), the cobordisms (M,T, ω) is equal to a cobordism with a graph having an edge
colored by Vα in each connected component. 4.7
4.2. 1-surgery. Recall the definition of surgery in terms of cobordisms. Let M and M ′
be two 3-manifolds seen as cobordisms from ∅ to the surface Σ. Let Sp−1 × B4−p and
Bp × S3−p be the two obvious manifolds bounding Sp−1 × S3−p. We think of these
manifolds as cobordisms from ∅ to the surface Sp−1 × S3−p. We say that M ′ is obtained
by a p-surgery on M if there exists a cobordism N : Sp−1 × S3−p → Σ such that
M = N ◦ (Sp−1×B4−p : ∅ → Sp−1×S3−p) and M ′ = N ◦ (Bp×S3−p : ∅ → Sp−1×S3−p).
In this subsection, we will show that if M ′ is obtained from M by a 1-surgery then
any vector in V(Σ) represented by a decorated cobordism in M can be expressed as a
decorated cobordism in M ′.
The following proposition describes the effect of a 1-surgery on a vector of V(Σ). For
α ∈ C¨, let Sα = (S2, {p1, p2}, ω,L ) be the decorated surface defined as follows. Here
S2 ' C ∪ {∞} is the sphere and the points p1, p2 are both colored by Vα and oriented by
+ and −, respectively. The Lagrangian L is trivial and ω is the unique cohomology class
relative to the base point which is compatible with colorings of {p1, p2}.
Proposition 4.8. Let uα ∈ V (Sα) be the class of a ball B3 containing an unknotted arc
colored by α ∈ C¨ with the unique compatible cohomology class. Let Sα× [0, 1] ∈ V (SαunionsqSα)
be the cylinder with any compatible cohomology class. Then
η d(α)V(Sα × [0, 1]) = V(uα unionsq uα).
Visually this equality can be represented as:
η d(α)V
( )
S2 ×B1
= V
( )
B3 × S0
Proof. To prove the statement we glue M ′ ∈ V ′(Sα unionsq Sα) ' V (Sα unionsq Sα) (see Remark
3.12) to both Sα × [0, 1] and uα unionsq uα then compute the invariant Z. As M ′ contains an
edge colored by the projective module Vα, it can be replaced as in Lemma 4.7 by a skein
equivalent element with an edge colored by an element β ∈ C \ Z.
Let us first suppose that the two spheres are contained in the same component of M ′.
For simplicity, we may assume that M ′ is connected. Let M1 = M ′ ◦ (Sα × [0, 1]) and
M2 = M
′ ◦ (uα unionsq uα). Recall that a decorated surface has two kinds of points: a base
point ∗ and the colored points {pi}. We will construct a surgery presentation of M2 which
can be extended to a surgery presentation of M1.
To do this we need to find a “nice” 1-cycle in M1 as follows. Choose a path γ in M
′ from
the base point ∗ of Sα to the base point ∗ of Sα which becomes close to the edge ofM ′ which
is labeled by β. Let γ′ be the trivial path {∗}× [0, 1] in Sα× [0, 1] from the base point ∗ of
Sα to the base point ∗ of Sα. Let ω1 be the C/2Z-valued cohomology class of the cobordism
of M1. We can and will assume that ω1(γ ◦ γ′) /∈ Z/2Z where γ ◦ γ′ is the concatenation
of γ and γ′ (otherwise, we can modify the choice of γ by taking a connected sum of γ with
a meridian m of the edge labeled by β; then ω1((γ#m) ◦ γ′) = β + ω1(γ ◦ γ′) /∈ Z/2Z).
Let L be a computable surgery presentation of M2. Let B be a 3-ball in S
3 correspond-
ing to the union of a neighborhood of γ and the two 3-balls added to M ′. Then a surgery
presentation of M1 is obtained by adding a new component to L as follows. Replace the
ball B by a ball with a 0-framed trivial knot on whose meridian the value of ω is ω1(γ ◦γ′)
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and whose Seifert disc intersects the two parallel strands colored respectively by α,−α.
Then Lemma A.4 with n = 0 implies that
Z(M1) = d(α)
−1r3λZ(M2) = d(α)−1η−1Z(M2)
and the equality follows.
Next consider the second case: the two spheres are contained in two different com-
ponents M ′1 and M
′
2 of M
′. Again for simplicity, assume that M ′ = M ′1 unionsq M ′2. Let
N1 = M
′
1 ◦ uα and N2 = M ′2 ◦ uα. Then the cobordism M ′ ◦ (Sα × [0, 1]) is the banded
connected sum N1#e1,e2N2 of N1 and N2 along edges ei colored by α. Then [12, Proposi-
tion 3.11] implies Z(N1#e1,e2N2) = d(α)
−1η−1Z(N1 unionsqN2) where the factor η comes from
b0(N1#e1,e2N2) = b0(N1 unionsqN2)− 1, see Equation (4). 4.8
4.3. 2-surgery. Here we consider the effect of 2-surgery along a knot on a vector of
V(Σ). We use this to show that if M and M ′ are two manifolds which are related by a
2-surgery with ∂M = ∂M ′ then their skein modules have the same image through V, see
Proposition 4.11.
We consider the following decorated surface and cobordisms. Let α ∈ C/2Z\Z/2Z and
ω be the cohomology class on S1×S1 defined by ω([{1}×S1]) = 0 and ω([S1×{1}]) = α
(here [γ] ∈ H1(S1 × S1;Z) is the class of a curve γ). Let L be the Lagrangian of
H1(S
1 × S1,R) generated by the homology class [S1 × {1}] or equivalently the kernel of
the mapH1(S
1×S1)→ H1(B2×S1) and Σ be the decorated surface Σ = (S1×S1, ∅, ω,L ).
Let (S1 ×B2, ∅, Id, ω1, n) (the · is due to our outward vector first convention applied to
B2 and to S1 × B2) and (B2 × S1,Kα, Id, ω2, n) be the two decorated cobordisms from
∅ to Σ defined as follows. The ribbon graph Kα is the zero framed knot [0, 12 ] × S1 in
B2 × S1 colored with a Kirby color of degree α; ω1 and ω2 are the unique cohomology
classes compatible with ω. Finally, n is any integer.
Proposition 4.9. With the notation of the previous paragraph we have
V(S1 ×B2, ∅, Id, ω1, n) = λV(B2 × S1,Kα, Id, ω2, n) ∈ V(Σ)
V



−S1 ×B2
= λV
 Ωα
	

B2 × S1 ⊃ Kα
.
Proof. Let N = (N,T, f, ωN , nN ) be a connected decorated cobordism from Σ to ∅. Let
M = N ◦ (B2 × S1,Kα, Id, ω2, n) and M ′ = N ◦ (S1 ×B2, ∅, Id, ω1, n). We need to show
that Z(M ′) = λZ(M).
Let L ⊂ S3 be a computable surgery presentation of (M,T ∪Kα). Then L ∪Kα is a
computable surgery presentation for (M ′, T ). Let WL be the oriented 4-manifold bounding
M obtained by gluing 2-handles B2×B2 along a tubular neighborhood of L in S3 = ∂B4.
Then WL∪Kα = (B2 ×B2) ∪B2×Kα WL is a 4-manifold bounding M ′. Conventions on
orientations imply that
∂(B2 ×B2) = S1 ×B2 ∪ B2 × S1, ∂(B2 × S1) = S1 × S1 = ∂(S1 ×B2).
Consider the following two Lagrangians of H1(Σ,R):
• L− = ker
(
H1(Σ,R)→ H1(S1 ×B2,R)
)
= R.[{1} × S1]
• L+ = ker (H1(Σ,R)→ H1(N,R)).
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By Wall’s theorem on signatures of 4-manifolds, one has
σ(WL∪Kα) = σ(B2 ×B2) + σ(WL)− µ(L−,L ,L+)
where σ(WL) = σ(L) is the signature of the 4-manifold (which is given by the signature of
the linking matrix of L). As σ(B2×B2) = 0, we have σ(L∪Kα) = σ(L)−µ(L−,L ,L+).
By definition of the composition of decorated cobordisms, the signature-weight of M is
given by
nM = nN + n− µ(L ,L ,L+) = nN + n
while the signature-weight of M ′ is
nM ′ = nN + n− µ(L−,L ,L+) = nM − µ(L−,L ,L+).
By definition Z(M) and Z(M ′) are both the product of F ′(L∪Kα∪T ) with a normalizing
term (see Equations (7) and (5)). Thus one has Z(M ′) =
ηλm+1δnM′−σ(L∪Kα)
ηλmδnM−σ(L)
Z(M) =
λZ(M). 4.9
Lemma 4.10. Let α ∈ C/2Z \Z/2Z. Consider two parallel copies K± of the framed knot
K = [0, 12 ]×S1 ⊂ B2×S1 identical except K+ has framing one more and K− has framing
one less. We color K+ with a Kirby color of degree −α and K− with a Kirby color of
degree α. Then
V(B2 × S1, ∅, Id, ω1, n) = λ2V(B2 × S1,K+ ∪K−, Id, ω2, n) ∈ V(S1 × S1, ∅, ω,L )
where ω is the cohomology class with value 0 on the meridian S1 × {1} and α on the
longitude {1} × S1, ω1 and ω2 are the unique compatible cohomology classes, n is any
integer and L any Lagrangian.
V


B2 × S1
= λ2 V
 Ω−α Ωα

B2 × S1 ⊃ K+ ∪K−
Proof. First (B2 × S1) \ (K+ ∪ K−) is the cartesian product of S1 with a disc minus
two points. Hence by Ku¨nneth formula H1
(
(B2 × S1) \ (K+ ∪K−)) = Zm+⊕Zm−⊕Z`
where ` = [K] is the longitude and m± is the class of a meridian of K±. For the meridian
m = [S1×{1}] of the torus we have m = m++m−. Clearly it holds −ω2(m+) = ω2(m−) =
ω2(`) = α as ω2 is compatible. The homology class of the parallel to K+ is `+ = `+m+
while the homology class of the parallel to K− is `− = `−m−. Hence ω2(`+) = ω2(`−) = 0
and we can apply twice Proposition 4.9 to both the tubular neighborhood of K+ and
K−. But surgery on K+ cancels the surgery on K− thus yielding the same 3-manifold
B2 × S1. 4.10
Proposition 4.11. Let M and M ′ be two manifolds related by a 2-surgery, bounding the
same decorated surface Σ. If (M,T, f, ω, n) ∈ S(M,Σ) then there exists a (M ′, T ′, f, ω′, n) ∈
S(M ′,Σ) such that
V(M,T, f, ω, n) = V(M ′, T ′, f, ω′, n) ∈ V(Σ)
where V is the map given in Equation 12. It follows V(S(M,Σ)) = V(S(M ′,Σ)).
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Proof. In the following, we omit the parametrization of the boundaries f : Σ → ∂M =
∂M ′ and the signature-weight that are constant. Suppose that M ′ is obtained from M
by doing a 2-surgery along a knot K. Let (M,T, ω) ∈ S(M,Σ). If ω([K]) /∈ Z then
we can apply Proposition 4.9 to obtain a cobordisms (M ′, T ′, ω′) ∈ S(M ′,Σ) such that
V(M,T, ω) = V(M ′, T ′, ω′). If ω([K]) ∈ Z then by the proof of Lemma 4.7 we can assume
T has an edge colored with α ∈ C \ Z. Let K ′ be a knot in M obtained by taking the
connected sum of K with a meridian of this edge of T . Doing a 2-surgery along K ′ we
obtain M ′ and a cobordisms (M ′, T ′, ω′) ∈ S(M ′,Σ). Then Proposition 4.9 implies that
V(M,T, ω) = V(M ′, T ′, ω′). Finally, if (M ′, T ′, ω′) is any cobordism in S(M ′,Σ), then
the above argument implies that there exists a cobordism (M,T, ω) ∈ S(M,Σ) such that
V(M,T, ω) = V(M ′, T ′, ω′). Thus, the last statement of the proposition follows. 4.11
4.4. Finite dimensionality of V for connected surfaces. In this subsection, we use
1 and 2-surgeries to show that the map V : S(M,Σ)→ V(Σ) is surjective for connected M
and consequently the vector space V(Σ) is finite dimensional.
Proposition 4.12. For any α ∈ C¨, the image of the map V (M,Σ)→ V(Σ) is generated
by the image under V of the set of decorated cobordisms containing a graph with one edge
colored by Vα in each connected component of M .
Proof. Let MT = (M,T, f, ω, n) : ∅ → Σ be a cobordism in V (M,Σ). We have the
following two cases.
Case 1. Suppose T has an edge colored by a projective object V . Then MT ∈ S(M,Σ)
and the proposition follows from Lemma 4.7.
Case 2. If T does not have an edge colored by a projective object, then the admissibility
condition on the cobordism MT implies that that there exists a curve γ such that ω(γ) ∈
(C \ Z)/2Z. So we can apply Lemma 4.10 on a tubular neighborhood of this curve to
make appear two knots colored by Kirby colors of degree ±ω([γ]) without changing the
underlying manifold M nor the value of V(MT ) (up to the factor λ
2). Then we can apply
Case 1 to this new decorated manifold. 4.12
Theorem 4.13. Let Σ be a decorated surface, then for any connected manifold M bounding
Σ, the map V : S(M,Σ)→ V(Σ), given in Equation (12), is surjective. As a consequence,
if Σ is connected dimC(V(Σ)) <∞.
Proof. Let M be a connected manifold bounding Σ. Let N ∈ V (Σ) be a cobordism where
the underlying manifold has c connected components. Fix α ∈ C¨, then by Proposition
4.12, there exists a cobordism N ′ ∈ S(N,Σ) such that V(N) = V(N ′) where the graph of
N ′ has an edge colored by α in each connected component. Now we apply the 1-surgery
of Proposition 4.8 c − 1-times to get a cobordism N ′′ whose the underlying manifold of
is connected, whose graph is still admissible and such that V(N) = (ηd(α))c−1V(N ′′) ∈
V (Σ). Now the underlying manifold ofN ′′ is related to the manifoldM by a finite sequence
of 2-surgeries. Thus, Proposition 4.11 implies there exists a cobordism N ′′′ ∈ S(M,Σ)
such that V(N ′′) = V(N ′′′). Thus, N ′′′ maps onto V(N). Finally, the last sentence of the
theorem follows from Proposition 4.5 since dimC(S(M,Σ)) <∞ when M is a handlebody
bounding Σ. 4.13
Corollary 4.14. Let Σ be a decorated connected surface, then V′(Σ) is finite dimensional.
Proof. The pairing V′(Σ) ⊗ V(Σ) → C is non-degenerate so dimC(V′(Σ)) = dimC(V(Σ)).
4.14
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4.5. The spheres Ŝk. From Theorem 4.13 we know V(Σ) is finite dimensional if Σ is
connected. In Subsection 4.6 we will extend this result to surfaces Σ which are discon-
nected. In this subsection we consider some special decorated spheres which will be used
in Subsection 4.6.
Let V0 be the simple projective highest module of weight r − 1 and let σk = CH2kr′ , see
Subsection 2.1. Recall the definition of the decorated sphere S2U given in Subsection 4.1.
For k ∈ Z, let Ŝk = S2U where
U =
{
((V0,+1), (σ
k,+1), (V0,−1)), if k 6= 0
((V0,+1), (V0,−1)), if k = 0
.
Let f be an orientation reversing diffeomorphism of S2 exchanging the points labeled with
V0 and, if k 6= 0, fixing the point labeled with σk.
Proposition 4.15. (1) Let U = ((V0,+), (σ
k,+)), then V(S2U ) = S(B
3, S2U ) = 0.
(2) V(S2∅) = S(B
3, S2∅) = C is generated by an unknot in B
3 colored by Vα for any
α ∈ C¨.
(3) If k 6= 0 then V(Ŝk) = S(B3, Ŝk) = {0}.
(4) V(Ŝ0) = S(B
3, Ŝ0) = C is generated by u0: an unknotted V0-colored arc in B3
connecting the two V0-colored points in Ŝ0.
Proof. By Theorem 4.13, we have S(B3, S2U ) surjects onto V(S
2
U ). We will use this fact to
prove (1)–(4). In particular, for all k 6= 0 we have
Hom(I, V0 ⊗ σk) = 0 and Hom(I, V0 ⊗ V ∗0 ⊗ σk) = 0.
Then Lemma 4.4 and Theorem 4.13 implies (1) and (3).
To prove (2) observe that by Lemma 4.7 any element of S(B3, S2∅) is represented by a
non-empty C -colored ribbon graph with at least one edge colored by a projective module
Vα. Now, the graph outside a small sub-arc of this edge is skein equivalent to an endo-
morphism of Vα and so to a scalar. So S(B
3, S2∅) is generated by unknots colored by Vα.
We are left to prove that the map S(B3, S2∅)→ V(S2∅) is non-zero. This is seen by pairing
a ball containing a Vα-colored unknot with an empty ball bounding S
2 the result is S3
with a Vα-colored unknot whose invariant is d(α) 6= 0.
Similarly to prove (4), Lemma 4.4 implies that S(B3, Ŝ0) = C as Hom(I, V0 ⊗ V ∗0 ) =
Hom(V0, V0) = C. Then the map S(B3, Ŝ0) → V(Ŝ0) is non-zero as coupling the vector
represented by one strand in B3 colored by V0 with a similar vector in V
′(Ŝ0) gives S3
containing an unknot colored by V0 whose invariant is non-zero. 4.15
The surface obtained by removing two little discs from a disc is usually called a pant.
We consider its 3-dimensional analog:
Definition 4.16 (3-dimensional pants). Let Pk+`k,` : Ŝk unionsq Ŝ` → Ŝk+` be the cobordism
described as follows. The underlying manifold of Pk+`k,` is the closed Euclidean ball in R3
of radius 4 centered at (0, 0, 0) minus two open balls of radius 1 centered at (±2, 0, 0).
The graph inside Pk+`k,` is contained in the plane y = 0 of R3 and is drawn in Figure 3.
The coupon in the graph is colored with the identity morphism σk ⊗ σ` → σk+`. The
decorated cobordism Pk+`k,` is equipped with the obvious parametrization of its boundary
and has signature-weight 0. The cohomology class of this cobordism is defined as follows.
Let us assume that the basis point ∗ of a sphere Ŝi is at the south pole. If p is any path
in the southern hemisphere of Pk+`k,` between basis points of the boundary spheres in P
k+`
k,`
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V0σ
k+`V ∗0
V0σ
kV ∗0 V0σ
`V ∗0
Figure 3. Pk+`k,` ∩ {y = 0} and its schematic representation.
then set ω(p) = 0. This assignment extends to a unique compatible cohomology class ω
for Pk+`k,` (which is zero if r is odd).
Similarly, let Pk,`k+` : Ŝk+` → Ŝk unionsq Ŝ` be the decorated cobordism described as follows.
Consider reflecting Pk+`k,` through the z = 0 plane. Reversing the arrows of the graph
inside the obtained manifold and replacing the coupon with the identity morphism σk+` →
σk ⊗ σ` we have Pk,`k+`. As in the case of Pk+`k,` , Pk,`k+` has a unique compatible cohomology
class and signature-weight 0.
Proposition 4.17. Let k, ` ∈ Z, then
Pk,`k+` ◦ Pk+`k,` ≡
(−1)r−1
η
IdŜkunionsqŜ`
where the equivalence ≡ is defined in Definition 3.10.
Proof. By Lemma 3.13, it is enough to show that [Pk,`k+` ◦ Pk+`k,` ] = (−1)
r−1
η [IdŜk unionsq IdŜ` ] as
vectors of V (Ŝk unionsq Ŝ` unionsq Ŝ` unionsq Ŝk). Here is a graphical proof:
[
Pk,`k+` ◦ Pk+`k,`
]
=

 =

 = (ηd(0))−1

.
The second equality is a skein equivalence and the last equality is an application of Propo-
sition 4.8 with α = 0 in a neighborhood of the sphere in dashed red on the diagram. 4.17
Proposition 4.18. Let k, ` ∈ Z and β ∈ C/2Z = H0(Ŝk,C/2Z). Recall the definition
of the cylinder Idβ
Ŝk
given in Subsection 3.3.2. Let Cβk be Id
β
Ŝk
seen as an element of
V (Ŝk unionsq Ŝk).
(1) If k 6= `, then V(Ŝk unionsq Ŝ`) = {0}.
(2) V(Ŝk unionsq Ŝk) = C is generated by [C0k ].
(3) [Cβk ] = q
−2r′kβ [C0k ] and Id
β
Ŝk
≡ q−2r′kβ IdŜk .
(4) If Σ is any decorated surface then the vector spaces V(Σunionsq Ŝk) and V(Σunionsq Ŝ−k) are
isomorphic. Thus, C = V(Ŝk unionsq Ŝ−k)  V(Ŝk)⊗ V(Ŝ−k) = {0}.
Proof. We start by proving the first statement of (4). Consider the decorated cobordism
ck : Ŝk → Ŝ−k defined as follows. The underlying manifold of ck is S2 × [0, 1]. If k = 0
then c0 is the mapping cylinder of an orientation reversing diffeomorphism of S
2 (say a
reflexion of C ⊂ S2) which is an orientation preserving diffeomorphism Ŝ0 → Ŝ0. If k 6= 0
28 C. BLANCHET, F. COSTANTINO, N. GEER, AND B. PATUREAU-MIRAND
then ck is similar to c0 but the graph in ck has a third additional parallel strand between
the two V0 colored strands. This new strand has a coupon filled with an isomorphism
(σk)∗ ∼→ σ−k. We pull back the cohomology class of Ŝ−k through the projection of
the cylinder on Ŝ−k. Finally, this cobordism has signature-weight 0. Using the inverse
isomorphism σ−k ∼→ (σk)∗ we build similarly a cobordism c′k : Ŝ−k → Ŝk such that
ck ◦ c′k ≡ IdŜ−k and c′k ◦ ck ≡ IdŜk . Thus, if Σ is any decorated cobordism, the decorated
cobordism IdΣ unionsqck induces an isomorphism V(Σ unionsq Ŝk)→ V(Σ unionsq Ŝ−k).
To prove (1) and (2) we use the fact that Proposition 4.17 implies that the map
V(Pk−`k,−`) : V(Ŝk unionsq Ŝ−`) → V(Ŝk−`) is injective for all k, l ∈ Z. If k 6= ` then Proposi-
tion 4.15 implies V(Ŝk−`) = 0 and V(Ŝk unionsq Ŝ−`) = 0. Now the isomorphism at the end of
the previous paragraph implies V(Ŝk unionsq Ŝ`) ∼= V(Ŝk unionsq Ŝ−`) which is zero. Thus, we have
proved (1).
For (2) we have dim(V(Ŝ0)) = 1 and so dim(V(Ŝk unionsq Ŝ−k)) ≤ 1. To see that equal-
ity holds, notice that P0k,−k ◦ (IdŜk unionsqck) ◦ C
β
k is σ-equivalent to
(
(−1)r−1q−2r′β
)k
P00,0 ◦
(IdŜ0 unionsqc0) ◦C
β
0 . Observe furthermore that applying twice Proposition 4.8 to both C
0
0 and
Cβ0 , gives [C
0
0 ] = (ηd(0))
−1[u0 unionsq u0] = [Cβ0 ]. Then we have
[P0k,−k ◦ (IdŜk unionsqck) ◦ C
β
k ] =
(
(−1)r−1q−2r′β
)k
[P00,0 ◦ (IdŜ0 unionsqc0) ◦ C
β
0 ]
=
(
(−1)r−1q−2r′β
)k
[P00,0 ◦ (IdŜ0 unionsqc0) ◦ C00 ]
= q−2r
′kβ [P0k,−k ◦ (IdŜk unionsqck) ◦ C0k ](14)
where in the last equality we applied again a σ-equivalence. Now Proposition 4.8, implies
[(IdŜ0 unionsqc0) ◦ C00 ] = (ηd(0))−1[u0 unionsq u0] and so
(ηd(0))[P00,0 ◦ (IdŜ0 unionsqc0) ◦ C00 ] = [P00,0 ◦ (u0 unionsq u0)] = [u0] 6= 0.
Thus, Equation (14) is an equality of non-zero numbers. So V(Ŝk unionsq Ŝk) is one dimensional
and generated by C0k . Furthermore, Equation (14) implies [C
β
k ] = q
−2r′kβ [C0k ]. Then (3)
follows from applying Lemma 3.13 to Cβk − q−2r
′kβC0k .
Finally, the second statement of (4) follows from combining (2), Proposition 4.15 and
the first statement of (4). 4.18
Corollary 4.19. Let k, ` ∈ Z, then
Pk+`k,` ◦ Pk,`k+` ≡
(−1)r−1
η
IdŜk+` .
Proof. By Lemma 3.13, it is enough to show that
[
Pk+`k,` ◦ Pk,`k+`
]
= (−1)
r−1
η
[
IdV(Ŝk+`)
]
as
vectors of V(Ŝk+` unionsq Ŝk+`). But Proposition 4.18 implies dim(V(Ŝk+` unionsq Ŝk+`)) = 1. So we
have [
Pk+`k,` ◦ Pk,`k+`
]
= c
[
IdV(Ŝk+`)
]
for some constant c. Pre-composing this equality with V(Pk+`k,` ) and post-composing it with
V(Pk,`k+`) we have
[
Pk,`k+` ◦ Pk+`k,` ◦ Pk,`k+` ◦ Pk+`k,`
]
= c
[
Pk,`k+` ◦ Pk+`k,`
]
. Then Proposition 4.17
implies c = (−1)
r−1
η . 4.19
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Figure 4. Twisted pants.
Exercise 4.20. This exercise is a generalization of Proposition 4.18. For k, `,m ∈ Z, let
Pk+`+mk,`,m = P
k+`+m
k+`,m ◦ (Pk+`k,` ⊗ IdŜm). Recursively define
Pk1+···+knk1,...,kn :
⊔
i
Ŝki → Ŝ∑ ki .
Similarly define their analogs Pk1,...,knk1+···+kn : Ŝ
∑
ki →
⊔
i Ŝki .
(1) Check that Pk+`+mk,`,m and P
k+`+m
k,`+m ◦ (IdŜk ⊗P
`+m
`,m ) are skein equivalent for any
k, `,m ∈ Z.
(2) Show that
Pk1,...,knk1+···+kn ◦ Pk1+···+knk1,...,kn ≡
(−1)(r−1)(n−1)
ηn−1
IdŜk1unionsq···unionsqŜkn and
Pk1+···+knk1,...,kn ◦ P
k1,...,kn
k1+···+kn ≡
(−1)(r−1)(n−1)
ηn−1
IdŜ∑
i ki
for any k1, . . . , kn ∈ Z. Thus, the pants Pk1+···+knk1,...,kn lead to an isomorphisms
(15) V(Σ unionsq Ŝk1 unionsq · · · unionsq Ŝkn) ∼= V(Σ unionsq Ŝ∑i ki)
where Σ is any decorated surface.
Lemma 4.21. Consider the permutation τunionsq : Ŝk unionsq Ŝ` → Ŝ` unionsq Ŝk of the two components.
We can view τunionsq as a cylinder cobordism. Then
Pk+`k,` ≡ ((−1)r−1)k`Pk+``,k ◦ τunionsq
where the equivalence ≡ is defined in Definition 3.10.
Proof. According to the Exercise 4.20, [Pk+`k,` ] is a generator of the one dimensional space
V(Ŝk unionsq Ŝ` unionsq Ŝk+`). Hence there exists λk,` ∈ C such that
(16) [Pk+``,k ◦ τunionsq] = λk,`[Pk+`k,` ]
as vectors of V(Ŝk unionsq Ŝ` unionsq Ŝk+`). The cobordisms associated to both sides of this equality
are diffeomorphic. Such a diffeomorphism can be obtained by an isotopy permuting the
two removed 3-balls of Figure 3. This isotopy modifies the graph in Pk+``,k ◦ τunionsq which is
then no longer contained in the plane y = 0 but in a neighborhood of y = 0: see Figure 4.
To compute λk,`, we glue P
k,l
k+` ∈ V ′(Ŝk unionsq Ŝ` unionsq Ŝk+`) to both sides of Equation 16. This
yields two closed 3-manifolds Yk,` and Y
′
k,`. The strategy is then to compare Z(Y
′
k,`) with
Z(Y ′0,0) and Z(Yk,`) with Z(Y0,0). This will give λk,` = (sr)
k`λ0,0. Then we use 1-surgery
to compute λ0,0.
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The R-matrix acts on the module σ⊗ σ by the scalar q(2r′)2/2 = (q2r′)r′ . This scalar is
just a sign and as r′ is always odd, it is equal to sr = q2r
′
= (−1)r−1. This implies that
F

σ σ
 = srF

σ σ
 and F

σk σ`
 = (sr)k` Idσk+l .
Applying these relations, we have that Y ′k,` is σ-equivalent to (sr)
k`+k+` times Y ′0,0 (see
Equation (11)). Also, Yk,` is σ-equivalent to (sr)
k+` times Y0,0. Hence
λk,` = (sr)
k`λ0,0.
Finally, we compute λ0,0: using Proposition 4.8 twice and Lemma 3.13 we have that P
0
0,0 ≡
(ηd(0))−2u0 ◦ (u∗0 unionsqu∗0) where u∗0 is the cobordism from Ŝ0 to ∅ whose underlying manifold
is the manifold of u0 with the opposite orientation. Now (u
∗
0 unionsq u∗0) ◦ τunionsq is diffeomorphic to
u∗0 unionsq u∗0 thus P00,0 ◦ τunionsq ≡ P00,0 and λ0,0 = 1. 4.21
4.6. Finite dimensionality of V. In this subsection we will show that V(Σ) is finite
dimensional when Σ is disconnected.
Lemma 4.22. Let Σ be a connected decorated surface. Then dim(V(Σ unionsq Ŝn)) < ∞ for
any n ∈ Z. Moreover, V(Σ unionsq Ŝn) = {0} for all but finitely many n ∈ Z.
Proof. Let n ∈ Z and Σˆn be Σ with three more framed dots colored as the dots on Ŝn.
There is a cobordism Cn : Σˆn → Σ unionsq Ŝn given by removing a little 3-ball in Σ × [0, 1]
and joining vertically the dots of Ŝn to the corresponding dots of Σˆn. We claim that
V(Cn) : V(Σˆn)→ V(Σunionsq Ŝn) is surjective. Indeed, by Theorem 4.13, V(Σunionsq Ŝn) is generated
by connected manifolds. Let M be a connected manifold in V (Σ unionsq Ŝn) and c ⊂M be an
arc connecting the base-points of Σ and of Ŝn. Up to modifying M by gluing the cylinder
of Proposition 4.18(3), we may suppose that ω([c]) = 0. The tubular neighborhood N of
Σ ∪ c ∪ Ŝn in M is then diffeomorphic to Cn and its complement can be parametrized as
an element M ′ of V (Σˆn) such that M = Cn ◦M ′. Thus [M ] = V(Cn)([M ′]). It follows
from Theorem 4.13 that dim(V(Σ unionsq Ŝn)) ≤ dim(V(Σˆn)) <∞.
Now hw(Σˆn) = hw(Σ)+2r
′n+2r−2 and lw(Σˆn) = lw(Σ)+2r′n−2r+2 thus, applying
Lemma 4.6 to Σˆn, we have
V(Σ unionsq Ŝn) 6= 0 =⇒ − (4g + 10)(r − 1) + hw(Σ)
2r′
≤ n ≤ (4g + 10)(r − 1)− lw(Σ)
2r′
.
4.22
Lemma 4.23. Let k ∈ Z \ r′Z, and α ∈ C \ Z. Let S = S2((Vα+2k,+),(Vα,−)) then IdS ≡ 0.
Proof. Let M be the cobordism IdS ≡ 0 seen as an element of V (S unionsq S) (we can since S
is admissible). By Lemma 3.13 it is enough to show that [M ] = 0 ∈ V(S unionsq S).
Let M ′ ∈ V ′(S unionsq S). First, suppose that the connected component of M ′ containing S
does not contain S. In this case one may consider a surgery presentation of M ′ ◦M which
is cut by a sphere in S3 intersecting the graph in two strands colored by Vα+2k and V
∗
α .
Since HomC (I, Vα+2k ⊗ V−α) = {0} if k 6= 0 then Z(M ′ ◦M) = 0.
On the other hand, if a connected component of M ′ contains both S and S, then we
may present M ′ ◦M by a surgery diagram containing a zero-framed meridian encircling
two strands colored by Vα+2k and V−α. Here the zero-framed meridian corresponds to an
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S2×S1 connected summand in M ′ ◦M whose essential sphere is S. Now applying Lemma
A.4 we see that Z(M ′ ◦M) = 0. Thus, we have proved that [M ] = 0 ∈ V(S unionsq S). 4.23
Proposition 4.24. For any decorated surface Σ, one has V(Σ unionsq Ŝ0) ∼= V(Σ).
Proof. Recall the decorated cobordism u0 from ∅ to S0 = Ŝ0 defined in Proposition 4.8.
Similarly, let u∗0 be the cobordism from Ŝ0 to ∅ whose underlying manifold is the manifold of
u0 with the opposite orientation. Consider the decorated cobordisms IdΣ unionsqu0 : Σ→ ΣunionsqŜ0
and IdΣ unionsqu∗0 : Σ unionsq Ŝ0 → Σ. Now u∗0 ◦ u0 is an unknot colored by V0 in S3 which has value
ηd(0). Thus (ηd(0))−1V(IdΣ unionsqu∗0) is a left inverse of V(IdΣ unionsqu0). Furthermore, Proposition
4.8 implies u0 ◦ u∗0 = ηd(0) IdŜ0 . Then Lemma 3.13 implies u0 ◦ u∗0 ≡ ηd(0) IdŜ0 . Thus,
V(IdΣ unionsqu0)◦(ηd(0))−1V(IdΣ unionsqu∗0) = IdΣunionsqŜ0 and we have the desired isomorphism. 4.24
Definition 4.25. For each c-uple of decorated surfaces (Σ1, . . . ,Σc) and ~n = (n1, ..., nc) ∈
Zc, let Σ =
⊔
i Σi and n =
∑
i ni. For such data, define the map
Punionsq~n : V(Σ1 unionsq Ŝn1)⊗ · · · ⊗ V(Σc unionsq Ŝnc)→ V(Σ unionsq Ŝn)
given by V(IdunionsqiΣi unionsqPn~n)◦f◦
⊔
where Pn~n is the map defined in Exercise 4.20, f is a reordering
of the components (putting first Σ1, then Σ2 etc.) and the big disjoint union is the
generalization of the map of Proposition 3.9. If n = 0, let also define P̂unionsq~n :
⊗
i V(ΣiunionsqŜni)→
V(Σ) as the map Punionsq~n composed with the isomorphism of Proposition 4.24.
Theorem 4.26. Let Σ = Σ1 unionsq · · · unionsqΣc be a decorated surface where each Σi is connected.
There exists a finite set I ⊂ Zc of c-uples such that for each (n1, . . . nc) ∈ I we have∑
i ni = 0 and the map:
P̂unionsq :=
⊕
~n∈I
P̂unionsq~n :
⊕
~n∈I
(
V(Σ1 unionsq Ŝn1)⊗ · · · ⊗ V(Σ1 unionsq Ŝnc)
)
→ V(Σ)
is surjective. Thus, V(Σ) is finite dimensional.
Proof. By Theorem 4.13, it is enough to consider cobordisms of V (Σ) represented by a con-
nected sum H = H1#H2# · · ·#Hc of handlebodies (with ∂Hi = Σi) with some C -colored
graph and some cohomology class. Topologically this connected sum is diffeomorphic to
the manifold obtained by gluing a pant P with c boundary spheres (i.e. the complement
of c open balls in S3) to unionsqci=1H ′i where H ′i := Hi \ B˚3 (for some open ball B3 ⊂ Hi). By
Proposition 4.12 we may suppose that there always is a strand of the C -colored graph which
is colored by a generic projective module, Vα, α ∈ C \ Z. Up to isotopy we may suppose
that this strand intersects all the c spheres in ∂P . Then Corollary A.2 implies that we may
reduce to the case where these spheres are isomorphic to either Ŝni or S
2
(Vα+2ni ,+),(Vα,−)
with ni ∈ Z\r′Z. In this last case, Lemma 4.23 implies that the cobordism is equivalent to
0. Moreover, since the element of V(Ŝ−n1 unionsq · · · unionsq Ŝ−nc) represented by P (and the part of
graph contained in P ) is a scalar multiple of [u0 ◦P0n1,...nc ] ∈ V(Ŝ−n1 unionsq· · ·unionsq Ŝ−nc) (because
V(Ŝ−n1 unionsq · · · unionsq Ŝ−nc) has dimension 1 if
∑
ni = 0 and 0 else), then we may replace P
(along with the part of graph in it) with u0 ◦ P0n1,...,nc (recall that u0 is the generator of
V(Ŝ0) represented by a B
3 containing an unknotted arc colored by V0). Cutting along the
c spheres, shows that the vector space spanned by all the cobordisms whose underlying
manifold is H is in the image of the map
P̂unionsq :
⊕
n1,...nc∈Z
V(Σ1 unionsq Ŝn1)⊗ · · · ⊗ V(Σc unionsq Ŝnc)→ V(Σ)
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obtained by gluing along the essential spheres. But the first statement of Lemma 4.22
ensures that each of the n1, . . . , nc must range in a finite set and that dim(V(ΣiunionsqŜni)) <∞
for all ni. 4.26
4.7. A grading on V. Here we introduce a multigrading on V(Σ) given by the spectral
decomposition of the action of H0(Σ,C/2Z) on V(Σ).
Let M = (M,T, f, ω, n) ∈ V (Σ) and ϕ ∈ H0(Σ,C/2Z). Recall the cylinder IdϕΣ given
by the equality (8), then IdϕΣ ◦M = (M,T, f, ω + ∂ϕ, n) where here the boundary map is
part of the long exact sequence in cohomology for the pair (M \ T, ∗):
H0(Σ;C/2Z) = H0(∗;C/2Z) ∂−→ H1(M \ T, ∗;C/2Z).
This same exact sequence ensures that ∂ϕ = 0 if and only if ϕ is the restriction of a
cohomology class of H0(M \ T ;C/2Z). This is in particular the case for constant ϕ.
Let Σ be a decorated surface with n ordered components. The ordering of the compo-
nents of Σ gives a canonical isomorphism H0(Σ,Z) ∼= Zn; explicitly if Σ = Σ1 unionsq · · · unionsq Σn
and ∗i ∈ Σi then k =
∑
i ki[∗i] ∈ H0(Σ;Z); we will also write k = (k1, . . . , kn) ∈ Zn and
let |k| = ∑i ki ∈ Z. We consider the pairing H0(Σ,C/2Z) × H0(Σ,Z) → C∗ given by
(ϕ,k) 7→ q−2r′ϕ(k).
Definition 4.27. For k ∈ H0(Σ,Z), let
(17) Vk(Σ) = {[M ] ∈ V(Σ) : ∀ϕ ∈ H0(Σ,C/2Z), V(IdϕΣ)([M ]) = q−2r
′ϕ(k)[M ]}
(18) V′k(Σ) = {[M ] ∈ V′(Σ) : ∀ϕ ∈ H0(Σ,C/2Z), V′(IdϕΣ)([M ]) = q2r
′ϕ(k)[M ]}.
Proposition 4.28. Let Σ be a decorated surface with n connected components.
(1) If Vk(Σ) 6= {0} then |k| = 0; in particular, if Σ is connected then V(Σ) = V0(Σ).
(2) If Σ′ is a decorated surface, using the morphism defined in Proposition 3.9, it
holds:
Vk(Σ) unionsq Vk′(Σ′) ⊂ V(k,k′)(Σ unionsq Σ′).
(3) If Vk(ΣunionsqŜk) 6= {0} then kn+1 = k where kn+1 is the last coordinate of k ∈ Zn+1 =
H0(Σ unionsq Ŝk,Z).
(4) V(Σ) =
⊕
k∈Zn Vk(Σ).
(5) If M ∈ Vk1(Σ) and N ∈ V′k2(Σ) then 〈N,M〉 = 0 unless k1 + k2 = 0. Moreover,
for any k ∈ Zn the pairing V′−k(Σ)⊗ Vk(Σ)→ C is non-degenerate.
Proof. (1) Let [M ] ∈ Vk(Σ) and |k| 6= 0. If ϕ ∈ H0(Σ \ {pi};C/2Z) is a class with a
constant generic value α /∈ Q/2Z on each base point then ∂ϕ = 0 ∈ H1(M \ T, ∗;C/2Z)
and so IdϕΣ ◦M = M . Thus, V(IdϕΣ)([M ]) = V (IdϕΣ ◦M) = [M ]. But [M ] ∈ Vk(Σ) and so
by definition V(IdϕΣ) acts on [M ] by q
−2r′ϕ(k) = q−2r
′α|k| 6= 1. Hence [M ] = 0.
(2) Let [M ] ∈ Vk(Σ), [M ′] ∈ Vk′(Σ′) and ϕ ∈ H0(Σ unionsq Σ′ \ {pi};C/2Z). Then IdϕΣunionsqΣ′ =
Idϕ1Σ unionsq Idϕ2Σ′ where ϕ1 = ϕ|Σ and ϕ2 = ϕ|Σ′ . Thus
V(IdϕΣunionsqΣ′)([M ] unionsq [M ′]) = V(Idϕ1Σ )([M ]) unionsq V(Idϕ2Σ′ )([M ]′) = q−2r
′ϕ1(k)q−2r
′ϕ2(k′)[M ] unionsq [M ′]
= q−2r
′ϕ(k,k′)[M ] unionsq [M ′].
(3) Let ϕ ∈ H0(Σunionsq Ŝk \{pi};C/2Z) be the class which is zero on all components except
for Ŝk where it is β. Then Id
ϕ
ΣunionsqŜk = IdΣ unionsq Id
β
Ŝk
. Moreover, by Proposition 4.18(3), we
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have Idβ
Ŝk
≡ q−2r′βk IdŜk and so
(19) Idϕ
ΣunionsqŜk ≡ q
−2r′βk IdΣunionsqŜk .
Finally, by definition V(Idϕ
ΣunionsqŜk) acts by q
−2r′ϕ(k) = q−2r
′βkn+1 on Vk(Σ unionsq Ŝk). Thus, if
[M ] ∈ Vk(Σ unionsq Ŝk) then V(IdϕΣunionsqŜk)[M ] = 0 unless kn+1 = k.
(4) First, we prove the statement in the case when Σ = Σ1 unionsq Ŝk with Σ1 connected. In
this case H0(Σ \ {pi};C/2Z) = (C/2Z)2. If ϕ = (α, α) ∈ (C/2Z)2 = H0(Σ \ {pi};C/2Z) is
a constant cohomology class then ∂ϕ = 0. Therefore, for such ϕ = (α, α), the action of the
cylinder V(IdϕΣ) on V(Σ) is trivial. Next, consider classes of the form ϕ = (0, β) ∈ (C/2Z)2.
For such ϕ = (0, β), Equation (19) implies that V(IdϕΣ) acts on V(Σ) by q
−2r′βk. Finally, if
ϕ = (α, α+ β) ∈ (C/2Z)2 is a general 0-cohomology class then from the discussion above
V(IdϕΣ) acts on V(Σ) by q
−2r′βk = q−2r
′(−kα+k(α+β)). Hence V(Σ) ⊂ V(−k,k)(Σ) and so
V(Σ) = V(−k,k)(Σ).
In general, let Σ = Σ1 unionsq · · · unionsq Σc and ϕ ∈ H0(Σ \ {pi};C/2Z). By Theorem 4.26 the
map
P̂unionsq = ⊕~nP̂unionsq~n :
⊕
~n=(n1,...nc)∈Zn,
∑
ni=0
V(Σ1 unionsq Ŝn1)⊗ · · · ⊗ V(Σc unionsq Ŝnc)→ V(Σ)
is surjective. Now, we have
(20) V(IdϕΣ) ◦ P̂unionsq~n = P̂unionsq~n ◦
(
⊗jV(IdϕjΣj unionsq IdŜnj )
)
= q2r
′ϕ(~n)P̂unionsq~n
where ϕj = ϕ|Σj and the second equality follows from the discussion in the previous
paragraph applied to each summand. So the image of P̂unionsq~n is in V−~n(Σ). Thus, since the
map P̂unionsq = ⊕~nP̂unionsq~n is surjective the result follows.
(5) For all ϕ ∈ H0(Σ \ {pi};C/2Z) we have
〈[N ], [M ]〉 = 〈[N ◦ Id−ϕΣ ], [IdϕΣ ◦M ]〉 = q−2r′ϕ(k1+k2)〈[N ], [M ]〉.
This implies that 〈N,M〉 = 0 if k1 + k2 6= 0. Finally, by construction we know that the
pairing V′(Σ) ⊗ V(Σ) → C is non-degenerate, and we just proved that it is zero on pairs
of vectors whose degrees do not sum to 0, hence the last statement follows. 4.28
5. The monoidal TQFT V
If Σ is a decorated surface with n connected components then Proposition 4.28 implies
V(Σ) is a finite dimensional Zn-graded vector space, completely contained in the span of
vectors whose multidegree has total sum 0. This is actually the reason why V is not a
monoidal (see Proposition 4.18). Thus we are led to define a new functor V (see Definition
5.1) which we prove to be a monoidal functor with values in the category of graded vector
spaces and degree 0-morphisms in Theorem 5.4. One of the new interesting features of
the functor V is that in order to get monoidality one should use a symmetric braiding on
the latter category which is trivial if r is odd and else it is that of super vector spaces (see
Remark 5.8). In this sense, for r even our TQFT is a “super TQFT”. Similar results hold
for the dual version of V, denoted V′.
Finally, in Subsection 5.3 we use the properties of this functor to compute the graded
dimension of V(Σ) when Σ is an admissible decorated surface.
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5.1. Definition of the functor.
Definition 5.1 (The functor V). For a decorated surface Σ we define the Z-graded vector
space
V(Σ) =
⊕
m∈Z
Vm(Σ) where Vm(Σ) = V(Σ unionsq Ŝ−m).
By Lemma 4.22 the dimension of V(Σ) is finite.
A cobordism M : Σ → Σ′ induces a degree 0-map V(M) : V(Σ) → V(Σ′) by acting on
the degree −m submodules via
V
(
M unionsq IdŜm
)
: V(Σ unionsq Ŝm)→ V(Σ′ unionsq Ŝm).
Hence V defines a functor from the category Cob of decorated cobordisms to the category
of Z-graded vector spaces. Let Σ be a decorated surface with n connected components.
The Z-grading of V(Σ) can be refined to a Zn-grading: If k ∈ Zn, recall that |k| ∈ Z is
the sum of the coordinates of k. Let Vk(Σ) = V(k,−|k|)(Σ unionsq Ŝ−|k|), then Proposition 4.28
implies that Vm(Σ) =
⊕
k∈Zn, |k|=m Vk(Σ). Hence one has
V(Σ) =
⊕
k∈Zn
Vk(Σ).
We will refer to this Zn-grading as the multidegree of elements of V(Σ).
Definition 5.2 (The functor V′). Let Σ be a decorated surface. We define the Z-graded
space
V′(Σ) =
⊕
m∈Z
V′m(Σ) where V′m(Σ) = V′(Σ unionsq Ŝm).
As above, for a decorated surface with n connected components Σ, we define the mul-
tidegree k ∈ Zn subspace of Σ as V′k(Σ) = V′(k,−|k|)(Σ unionsq Ŝ−|k|).
A cobordism M : Σ → Σ′ induces a degree 0-map V′(M) : V′(Σ′) → V′(Σ) by acting
on the degree m submodules via V′
(
M unionsq IdŜm
)
. We get a contravariant functor V′ from
Cob with values in graded vector spaces.
Definition 5.3 (Homogeneous pairing). We define a pairing 〈〈·, ·〉〉Σ : V′(Σ)⊗V(Σ)→ C
by extending bilinearly
〈〈M ′,M〉〉Σ = δa,−b〈M ′,M〉ΣunionsqŜa , ∀M ∈ Vb(Σ), ∀M ′ ∈ V′
a
(Σ).
It is a direct consequence of the last point of Proposition 4.28 that 〈〈·, ·〉〉Σ is non-
degenerate and realizes isomorphisms V′−k(Σ) ∼= Vk(Σ)∗ for any k ∈ Zn = H0(Σ). In
particular, V′(Σ) is a finite dimensional vector space.
5.2. Monoidality of V. Let Σ,Σ′ be two decorated surfaces. Consider the map
Punionsq : V(Σ)⊗ V(Σ′) ∼=
⊕
m,n∈Z
V(Σ unionsq Ŝm)⊗ V(Σ′ unionsq Ŝn) −→ V(Σ unionsq Σ′)
given by the essentially finite direct sum Punionsq =
⊕
m,n∈Z P
unionsq
(m,n) of the maps
Punionsq(m,n) : V(Σ unionsq Ŝm)⊗ V(Σ′ unionsq Ŝn)→ V(Σ unionsq Σ′ unionsq Ŝm+n)
introduced in Definition 4.25.
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Theorem 5.4 (Monoidality of V). Let Σ,Σ′ be two (possibly disconnected) decorated
surfaces. Then
Punionsq : V(Σ)⊗ V(Σ′)→ V(Σ unionsq Σ′)
is an isomorphism of multigraded vector spaces. Moreover if M1 : Σ1 → Σ′1 and M2 :
Σ2 → Σ′2 are decorated cobordisms then
(21) V(M1 unionsqM2) ◦ Punionsq = Punionsq ◦ (V(M1)⊗C V(M2)) .
Proof. Suppose that Σ and Σ′ have c and c′ components, respectively. By Theorem 4.26,
V(Σ),V(Σ′), and V(Σ unionsq Σ′) are all finite dimensional vector spaces over C.
We first prove the last statement of the theorem. As mentioned above, both M1 and
M2 induce degree 0 morphisms
V(Mi) : V(Σi)→ V(Σ′i), for i = 1, 2.
So it is sufficient to prove the statement for fixed degrees m1,m2 ∈ Z. Let
σunionsq : Σ1 unionsq Ŝ−m1 unionsq Σ2 unionsq Ŝ−m2 → Σ1 unionsq Σ2 unionsq Ŝ−m1 unionsq Ŝ−m2
and
σ′unionsq : Σ
′
1 unionsq Ŝ−m1 unionsq Σ′2 unionsq Ŝ−m2 → Σ′1 unionsq Σ′2 unionsq Ŝ−m1 unionsq Ŝ−m2
be the trivial cobordisms permuting the components and
P = P−m1−m2−m1,−m2 : Ŝ−m1 unionsq Ŝ−m2 → Ŝ−m1−m2 .
On Vm1(Σ1)⊗ Vm2(Σ2) one has
Punionsq ◦ (V(M1)⊗C V(M2)) = V
(
IdΣ′1unionsqΣ′2 unionsqP
) ◦ V(σ′unionsq) ◦ unionsq ◦ (V(M1 unionsq IdŜ−m1 )⊗ V(M2 unionsq IdŜ−m2 ))
= V
(
IdΣ′1unionsqΣ′2 unionsqP
) ◦ V(M1 unionsqM2 unionsq IdŜ−m1 unionsq IdŜ−m2) ◦ V(σunionsq) ◦ unionsq
= V(M1 unionsqM2 unionsq P) ◦ V(σunionsq) ◦ unionsq
= V
(
M1 unionsqM2 unionsq IdŜ−m1−m2
)
◦ V(IdΣ1unionsqΣ2 unionsqP) ◦ V(σunionsq) ◦ unionsq
= V(M1 unionsqM2) ◦ Punionsq
which proves Equation (21).
Next we prove that Punionsq is an isomorphism in several steps. First, we claim that Punionsq is
homogeneous with respect to the multigradings, i.e. for any k ∈ Zc, k′ ∈ Zc′ we have
(22) Punionsq : Vk(Σ)⊗ Vk′(Σ′)→ V(k,k′)(Σ unionsq Σ′).
This follows from Proposition 4.28(2) and the fact that for ϕ ∈ H0(ΣunionsqΣ′,C/2Z) the map
V(IdϕΣunionsqΣ′) commutes with the composition with a pants glued on the spheres (also see
Equation (20) in the proof of Proposition 4.28(4)).
Equation (22) implies that it is enough to show that Punionsq is bijective in each multidegree.
Let k ∈ Zc and k′ ∈ Zc′ and let k = −|k|, k′ = −|k′|. The map Punionsq : Vk(Σ)⊗ Vk′(Σ′)→
V(k,k′)(Σ unionsq Σ′) is the composition of the “disjoint union map” (see Proposition 3.9), of
a permutation of the components and of the map V(IdΣunionsqΣ′ ⊗Pk+k
′
k,k′ ). Since the last two
maps are bijective, it is enough to show that the disjoint union map
(23) V(k,k)(Σ unionsq Ŝk)⊗ V(k′,k′)(Σ′ unionsq Ŝk′) unionsq−→ V(k,k,k′,k′)(Σ unionsq Ŝk unionsq Σ′ unionsq Ŝk′)
is bijective. It is injective by Proposition 3.9.
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We now claim that this map is surjective. We consider ~n1 = (−k,−k), ~n2 = (−k′,−k′)
and ~n = (~n1, ~n2) ∈ Zc+c′+2 and apply Theorem 4.26 to the sequence of decorated surfaces
Γ = (Σ1, . . . ,Σc, Ŝk,Σ
′
1, . . . ,Σ
′
c′ , Ŝk′).
Hence we have a surjective map onto V(Σunionsq Ŝk unionsqΣ′ unionsq Ŝk′). As above, this map commutes
with the map V(Idϕ
ΣunionsqŜkunionsqΣ′unionsqŜk′
) for ϕ ∈ H0(ΣunionsqŜkunionsqΣ′unionsqŜk′ ,C/2Z). Thus, Proposition 4.28
implies that the only summand contributing in multidegree (k, k,k′, k′) is
P̂unionsq~n = u
∗
0 ◦ Punionsq~n :
⊗
i
V(Γi unionsq Ŝni)→ V(k,k,k′,k′)(Σ unionsq Ŝk unionsq Σ′ unionsq Ŝk′)
which is consequently also surjective (here Γi is the i
th surface of the sequence Γ). Now
Proposition 4.8 implies that u∗0 ◦ P00,0 ≡ (ηd(0))−1(u∗0 unionsq u∗0). We also have that P0~n and
P0(0,0) ◦ (P0~n1 unionsqP0~n2) are skein equivalent (see Exercise 4.20). These two relations imply that
for any ⊗ixi ∈
⊗
i V(Γi unionsq Ŝni),
P̂unionsq~n(⊗ixi) = V(Idunionsqu∗0) ◦ Punionsq~n(⊗ixi)
= V(Idunionsqu∗0) ◦ Punionsq(0,0) ◦ (Punionsq~n1 ⊗ Punionsq~n2)(⊗ixi)
= (ηd(0))−1P̂unionsq~n1(⊗c+1i=1xi) unionsq P̂unionsq~n1(⊗c
′+1
i=1 xc+1+i)
which is in V(k,k)(Σunionsq Ŝk)unionsqV(k′,k′)(Σ′unionsq Ŝk′). Hence the map of Equation (23) is surjective,
so Punionsq is bijective. 5.4
Corollary 5.5. The functor V : Cob→ GrVect is monoidal with coherence maps Punionsq and
u0 : C
∼−→ V(∅) = V(Ŝ0) where GrVect is the category of finite dimensional Zn-graded
C-vector spaces.
Proof. The previous theorem shows that Punionsq is a natural isomorphism. The associativity
and unitality constraints are easily checked using Exercise 4.20 and Pk0,k ◦ (u0 unionsq IdŜk) =
IdŜk = P
k
k,0 ◦ (IdŜk unionsqu0). 5.5
Remark 5.6. Proposition 4.24 can be reformulated as follows: for any decorated surface
Σ, there is a natural isomorphism of multigraded spaces
V0(Σ) ∼−→ V(Σ).
Furthermore, if M is a closed decorated manifold seen as a cobordism ∅ → ∅ then
(24) V(M) = Z(M) IdV(∅) .
The pairing 〈〈·, ·〉〉 of Definition 5.3 identifies V′ and the dual HomC(V(·),C) of V.
Hence, the transpose of Punionsq gives the natural isomorphisms for the monoidality of V′ (see
the following corollary).
Corollary 5.7 (Monoidality of V′). Let Σ1,Σ2 be two (possibly disconnected) decorated
surfaces. There is an isomorphism of multigraded vector spaces
Pu : V′(Σ1 unionsq Σ2)→ V′(Σ1)⊗C V′(Σ2)
defined as the adjoint of the isomorphism Punionsq relative to the bilinear pairing 〈〈·, ·〉〉.
Moreover if M1 : Σ1 → Σ′1 and M2 : Σ2 → Σ′2 are decorated cobordisms then
Pu ◦ V′(M1 unionsqM2) = (V′(M1)⊗C V′(M2)) ◦ Pu.
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Proof. The pairing (V′(Σ1)⊗V′(Σ2))⊗ (V(Σ1)⊗V(Σ2))→ C is defined as the product of
the two pairings 〈〈·, ·〉〉Σ1 ⊗〈〈·, ·〉〉Σ2 . By definition, for any N1 ∈ V (Σ1), N2 ∈ V (Σ2) and
N ′ ∈ V ′(Σ1unionsqΣ2), 〈〈Pu([N ′]), [N1]⊗ [N2]〉〉 = 〈〈[N ′],Punionsq([N1]⊗ [N2])〉〉. The map Pu is an
isomorphism because Punionsq is an isomorphism and the pairing are non degenerate. The second
part of the corollary also follows from a similar statement for V. Remark that Proposition
4.17 implies that in degree m1,m2 ∈ Z, (Pu)−1 : V′(Σ1)⊗CV′(Σ2)→ V′(Σ1 unionsqΣ2) is given
by
(Pu)−1 = (ηd(0))−1V′
(
IdΣ1unionsqΣ2 unionsqPm1,m2m1+m2
) ◦ V′(Idunionsqτunionsq unionsq Id) ◦ unionsq
where τunionsq : Σ2 unionsq Ŝm1 → Ŝm1 unionsq Σ2 is the trivial cobordism. 5.7
Remark 5.8 (The braiding of the monoidal category). Recall that because the connected
components of decorated surfaces are ordered, we have Σ1 unionsq Σ2 6= Σ2 unionsq Σ1. But these
two surfaces are isomorphic through the reordering that can be realized as the trivial
cobordism τunionsq. Composing this trivial braiding with the isomorphisms Punionsq, we get a map
τ = (Punionsq)−1 ◦ V(τunionsq) ◦ Punionsq : V(Σ1)⊗ V(Σ2)→ V(Σ2)⊗ V(Σ1)
Because of the use of Pk1+k2k1,k2 in the definition of P
unionsq and because of Lemma 4.21, we get
τ(x⊗ y) = (−1)k1k2(r−1)y ⊗ x
for homogeneous vectors x ⊗ y ∈ Vk1(Σ1) ⊗ Vk2(Σ2). A similar statement holds for
τ∗ = Pu ◦ V′(τunionsq) ◦ (Pu)−1.
Observe then that if r is odd this boils down to a trivial morphism coinciding with the
standard flip and V is a braided functor. On the other hand, if r is even then a super
commutation rule appears. Hence for r even, V is a braided monoidal functor with target
the category of super vector spaces.
5.3. The Verlinde formula and the graded dimensions of V(Σ). The category Cob
is not pivotal because non admissible surfaces do not have a dual. Nevertheless its full sub-
category of admissible surfaces (see Definition 3.11) is pivotal and even ribbon. Moreover,
one can see that V is a ribbon functor on this sub-category. Then V commutes with the
categorical trace and, as we now explain, leads to a kind of graded Verlinde formula.
Let Σ = (Σ, {pi}, ω,L ) be a connected decorated surface that is admissible (cf Def-
inition 3.11). For each β ∈ C/2Z let IdϕΣ : Σ → Σ where ϕ is the cohomology class of
H0 (Σ;C/2Z) which is β on the base point.
Let ∪ : ∅ → Σ unionsq Σ and ∩ : Σ unionsq Σ→ ∅ be given by the cylinder of Σ. Then
(25) (IdΣ unionsq ∩) ◦ (∪ unionsq IdΣ) = IdΣ .
Now for β ∈ C/2Z, let Σ × S1
β
be the decorated 3-manifold obtained as follows: the 3-
manifold is Σ×S1, it contains the link T = {pi}×S1 and its cohomology class is given by
ω⊕β ∈ H1(Σ×S1\T,C/2Z) ' H1(Σ\{pi},C/2Z)⊕H1(S1,C/2Z) ' H1(Σ\{pi},C/2Z)⊕
C/2Z (the first isomorphism comes from Ku¨nneth formula: H1((Σ \ {pi})×S1) ∼= H1(Σ \
{pi})⊕H1(S1)). It is clear that Σ× S1β can be decomposed as
Σ× S1
β
= ∩ ◦ τunionsq ◦ (IdβΣ unionsq IdΣ) ◦ ∪.
Let now (ei)i be a homogeneous basis of V(Σ) and write (Punionsq)−1([∪unionsqu0]) =
∑
i ei⊗ei ∈
V(Σ)⊗ V(Σ). Applying the morphisms of (25) to ej we have V(∩)(Punionsq(ei ⊗ ej)) = δji [u0].
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Let ki be the degree of ei, then e
i has degree −ki because V(∪)([u0]) ∈ V0(Σ unionsqΣ). So we
compute
V(Σ× S1
β
)([u0]) = V(∩) ◦ Punionsq ◦ τ ◦ (V(IdβΣ)⊗ IdV(Σ))(
∑
i
ei ⊗ ei)
=
∑
i
q−2r
′kiβV(∩) ◦ Punionsq ◦ τ(ei ⊗ ei)
=
∑
i
(−1)(r−1)kiq−2r′kiβV(∩) ◦ Punionsq(ei ⊗ ei)
=
(∑
k∈Z
(−1)(r−1)kq−2r′kβ dim(Vk(Σ))
)
[u0]
and this with the identity (24) leads to a graded version of the Verlinde formula:
Theorem 5.9 (Verlinde formula for graded dimensions). Let Σ = (Σ, {p1, . . . pn}, ω,L )
be a connected admissible surface of genus g. Define the graded (super)-dimension of V(Σ)
by
dimt(V(Σ)) =
{ ∑
k∈Z dim(Vk(Σ))tk if r odd∑
k∈Z(−1)k dim(Vk(Σ))tk if r even.
Then dimq−2r′β (V(Σ)) = Z(Σ× S1β).
If W = ⊗iWi is the tensor product of the colors of the pi, then
Z(Σ× S1
β
) =
1
r
(r′)g
∑
k∈Hr
( {rβ}
{β + k}
)2g−2
ΦW,β+k
where ΦW,β is the scalar associated to an open Hopf link whose long and closed strands
are colored by Vβ and W , respectively (see Equation (33)). In particular, if Wi = Vci for
c1, . . . , cn ∈ C¨ then
Z(Σ× S1
β
) =
(−1)n(r−1)
r
(r′)gqcβ
∑
k∈Hr
qck
( {rβ}
{β + k}
)2g−2+n
where c =
∑
i ci.
Proof. The first statement of the theorem is justified directly above the statement of
theorem. So we start by proving the second statement.
Since b1(Σ× S1) > 0, in Section 2.5 of [12] it is shown that the invariants Nr(Σ× S1β)
depend holomorphically on the cohomology class. Therefore, we may restrict ourselves
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to computing the invariants in the “generic” case, namely when all the colors have non-
integral degree. We now compute Z(Σ× S1
β
) via the following surgery presentation:
β1
α1
βg
αg
β
c1 cn
where ci is the color of the point pi in Σ and the colors αi and βi (for i = 1, . . . g) are
the Kirby colors of degree ω([ai]) and ω([bi]) if [ai], [bi], i = 1, . . . g form a symplectic basis
of H1(Σ;Z). In particular, a component marked with γ is colored by Ωγ =
∑
k∈Hr d(γ +
k)Vγ+k of degree γ.
Then applying Lemma A.4 to the Ωαi-colored strand and then to the Ωβi-colored ones
we see that each local sub-tangle of the above presentation is equivalent to:
αi
βi
β′
= r3d(β′)−1
βi
β′
β′
= r6d(β′)−2 IdVβ′
where β′ ∈ Hr +β is any color appearing in Ωβ . Hence applying the same reduction on all
the g copies of the above tangle we reduce the computation to a sum of β′-colored unknot,
encircled by n meridians colored by the colors of pi as follows:
Z(Σ× S1
β
) = ηλb1(Σ×S
1)
∑
k∈Hr
d(β + k)2−2gr6gΦW,β+k
=
(√
r′
r2
)2g+1
1
r
√
r′
r6g
∑
k∈Hr
r2−2g
( {rβ}
{β + k}
)2g−2
ΦW,β+k
=
r′g
r
∑
k∈Hr
( {rβ}
{β + k}
)2g−2
ΦW,β+k
where
ΦVc1⊗···⊗Vcn ,Vβ+k = d(β+k)
−n(−1)n(r−1)rnq(β+k)
∑n
i=1 ci = (−1)n(r−1)q(β+k)c
( {rβ}
{β + k}
)n
is the scalar corresponding to a strand colored by β + k encircled by n meridians colored
by Vc1 , . . . Vcn .
In general, since b1(Σ × S1β) > 0, as shown in [12] (see Section 2.5) the invariant
Nr(Σ × S1β) depends holomorphically on ω and, when β is generic is defined for every
αi, βi, cj . So the above formula still applies. 5.9
40 C. BLANCHET, F. COSTANTINO, N. GEER, AND B. PATUREAU-MIRAND
Remark 5.10. For r odd, the formula for Z(Σ × S1
β
) gives dimV(Σ) when β goes to an
integer value. For r even, the same is true when β goes to an odd integer. For example,
for an empty surface of genus g ≥ 2, applying the formula of the theorem for W = I (so
ΦW,β = 1)
dimV(Σ) =
{
r3g−3 if r is odd,
r3g−3
2g−1 if r is even.
and for the torus, it gives dimV(Σ) = r′.
Example 5.11. [The case Σ = Ŝk.] Recall the definition of Ŝk given in Subsection 4.5.
Let M = Ŝk × S1. By definition of Ŝk, M contains a 3-component link L of the form
{p1, p2, p3} × S1 whose components are colored by V0, V0 and σk; let also ω ∈ H1(M \
L;C/2Z) be any cohomology class compatible with the coloring of L and let β = ω(∗×S1).
Then Z(Ŝk×S1) = (−1)(r−1)kq−2r′kβ . Indeed, applying the σ-equivalence (see Subsection
4.1) k-times we may reduce to the computation to computing (−1)(r−1)kq−2r′kβZ(Ŝ0×S1).
Then by Proposition 4.8, Z(Ŝ0×S1) = (ηd(0))−1ηd(0) = 1. This is a particular case of the
Verlinde formula when Σ = Ŝk, in which case the whole V(Σ) is concentrated in degree k
and is 1-dimensional.
Remark 5.12. Even if it is not apparent the above formula yields a Laurent polynomial
in qβ . Indeed {rβ}{β} =
∑
k∈Hr q
βk.
Example 5.13. Suppose Σ = (S1 × S1, ∅, ω) is a decorated surface. If ω is non-integral
then V(Σ) is concentrated in degree 0 and has dimension r′ (i.e. r if r is odd and r2 if r
is even). Similarly (but less trivially) if r is odd and Σ2 has genus 2: in this case one can
check that V(Σ2) is concentrated in degree 0 and that it has dimension r3g−3. If instead
g = 2 but r is even then a direct computation shows that
dimt(V(Σ2)) = (r′)3(−t−1 + 2− t) so dim(V±1(Σ2)) = (r′)3
Question 5.14. If Σ is a decorated surface which is not admissible, the invariant Z(Σ×S1
β
)
is still well defined for generic values of β. Is there a relation between Z(Σ × S1
β
) and
dimt(V(Σ))?
6. Examples and applications
In this section we provide various examples and applications of our constructions. We
start with some examples: First, we consider the case when Σ is a sphere containing some
points colored by at least one projective color, see Subsection 6.1. In Subsection 6.2 we
then proceed to the case of Σ being a torus : first we compute V(Σ) if ω is a “generic”
(non integral) cohomology class; then we discuss some results in the non generic case.
Then, in Subsection 6.3 we attack the general case of Σ being a genus g surface equipped
with a generic cohomology class and we provide a construction for a basis of Vd(Σ) in
each degree d ∈ Z. Since in this construction ω is generic (and in particular non-zero) the
action of the mapping class group may not fix ω so we get a representation in V(Σ) of the
stabilizer of ω in the mapping class group rather than of the whole group. In particular,
in Subsection 6.4 we show that the action of the Torelli group is more interesting than in
the standard case of the Reshetikhin-Turaev representations: indeed while in the standard
case the generators of the Torelli group act with order r, in our case they have infinite
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order. Subsection 6.5 is dedicated to relating our constructions to the standard skein
algebras: we show that for every ω ∈ H1(Σ;C/2Z) the finite dimensional vector space
SV(Σ) = ⊕h∈H1(Σ;Z2)V(Σ, ω + h)
is acted on by the Kauffman skein algebra of Σ.
The above results are related with the genericity of ω but our techniques, theoretically
speaking, allow a treatment also of the non-generic cases, and in particular when ω = 0:
in this case we get a representation of the whole mapping class group. Subsection 6.6 is
dedicated to study these cases: we relate the resulting TQFT as to the volume conjecture
and show that the action of Dehn-twists along separating curves has infinite order. These
non-generic cases are more difficult to analyze as they involve a careful analysis of the
algebra of the projective modules in C0 and C1 : we leave further results in this direction
for a more algebraic work [14], and here we bound ourselves to formulate a conjecture
on the graded dimensions of V(S1 × S1) in the non generic cases (see Subsection 6.2).
This analysis is much easier when r = 2 where only two projective modules exist (up to
tensoring by powers of σ). Using this fact, in Subsection 6.7, we show that when r = 2
the invariant Z is related to the Reidemeister torsion, and in particular we show that it
distinguishes lens spaces up to orientation preserving diffeomorphisms (Proposition 6.24).
Then in Subsection 6.8 we provide a basis of V(S1 × S1, ω = 0) for r = 2. Finally in
Subsection 6.9 we show that (already for r = 2) the projective action of the mapping class
group on V(S1 × S1, ω = 0) is faithful modulo the center.
6.1. General Spheres. Let U = ((U1, ε1), . . . , (Un, εn)) be a sequence of homogeneous
modules and S2U be the decorated 2-sphere introduced in Section 4.1.
Proposition 6.1. If one of the Ui is a projective object, then V(S
2
U ) = HomC (I, F (U)).
Proof. The module P = F (U) is projective and Theorem 4.13 gives is a surjective map
S(B3, S2U )→ V(S2U ). By Lemma 4.4, S(B3, S2U ) is isomorphic to HomC (I, P ). Now using
a coupon we have a map from HomC (P, I)→ V′(S2U ). Finally, Proposition A.3 implies the
pairing HomC (I, P )⊗HomC (P, I)→ C is non-degenerate. Combining the above facts we
have the map S(B3, S2U )→ V(S2U ) is injective. 6.1
Corollary 6.2. Recall Hr = {−(r − 1),−(r − 3) . . . , r − 1}.
(1) Let α, β ∈ C¨, γ ∈ C \ Z and n ∈ Z. Then V(S2((Vα,+),(Vβ ,+),(Vγ ,+),(σn,+)))) zero
dimensional if α+ β + γ + 2nr′ /∈ Hr and is one dimensional otherwise.
(2) If i ∈ {0, 1, . . . r − 2} and n ∈ Z, then V(S2((V0,+),(Si,+),(σn,+))) = {0}.
(3) Let i, j ∈ {0, 1, . . . r−2}, n ∈ Z. Then V(S2((Pj ,+),(Si,+),(σn,+)) is zero dimensional
if i 6= j or n 6= 0 and is one dimensional if i = j and n = 0.
Proof. For the first item, we use HomC (I, Vα⊗Vβ⊗Vγ ⊗σn) ' HomC (V−γ−2nr′ , Vα⊗Vβ)
which is 0 unless k ∈ 2Z. If k ∈ 2Z, Vα ⊗ Vβ '
⊕
h∈Hr Vα+β+h so V(S) is non zero if
and only if there is an h ∈ Hr with α + β + h = −γ − 2nr′. Similarly for the second
item, HomC (I, V0⊗Si⊗σn) ' HomC (V−2r′n, Si) = {0}. Finally, HomC (I, Pj⊗Si⊗σn) '
HomC (Pj , Si⊗σn) where Si⊗σn is simple. But the only simple quotient of Pj is isomorphic
to Sj . 6.2
6.2. The torus. Let Σ = S1 × S1 with a non-integral cohomology class ω. Up to dif-
feomorphism, we can assume that ω takes a value α ∈ C/2Z for some α ∈ C \ Z on the
meridian [S1×{1}]. Let Tα ' B2×S1 be the solid torus whose core is the oriented framed
knot {0} × S1 colored by α.
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Proposition 6.3. Let Hr = {1− r, 3− r, . . . , r − 1} and for r even, let H+r = Hr ∩ R+.
(1) If r is odd then ([Tα+k])k∈Hr is a basis of V(Σ) = V0(Σ) = V(Σ).
(2) If r is even then ([Tα+k])k∈H+r is a basis of V(Σ) = V0(Σ) = V(Σ).
Proof. Let  = 0 if r is odd and  = 1 if r is even. By Theorem 4.13, V(Σ) is generated
by cobordisms whose underlying manifold is B2 × S1. Moreover, every C -colored graph
Γ ⊂ T must intersect the meridian disc in a set of points qi with colors whose overall
tensor product is in Cα. Since α is generic, this cobordism is then skein equivalent to a
linear combinations of cobordisms whose graph intersects the meridian disc in exactly one
point whose color is congruent to α +  modulo 2 and then, by simplicity of Vα, the set
{Tα++k, k ∈ 2Z} is generating. Moreover [Tα+k+2r′n] and [Tα+k] are σ-equivalent because
Vα+k+2r′n = σ
n ⊗ Vα+k.
We are then left to prove that the vectors [Tα+k], k ∈ Hr (respectively k ∈ H+r ) are
independent. To this purpose we pair them with the solid tori [T ′−α+h] ∈ V′(Σ) obtained
by reversing the orientation of Tα−h for h ∈ Hr, and we will show that the pairing is
non-degenerate, thus concluding. Observe that there exists a simple oriented closed curve
λ ⊂ Σ intersecting the meridian [S1 × {1}] exactly once and such that ω([λ]) = β is non-
integral: indeed the values of ω on the classes [{1}×S1] and [{eit×eit, t ∈ [0, 2pi]}] cannot
be both integral as ω([S1×{1}] = α ∈ (C\Z)/Z. Then the invariant Z(T ′−α+h ◦Tα+k) can
be computed by a 0-framed unknot in S3 colored by a Kirby color of degree β ∈ (C\Z)/2Z
and two parallel unknots linked once to it with colors α+ k and −α+ h respectively. By
Lemma A.4 the value of the invariant is non zero if and only if k + h = 2r′n for some
integer n. But since k, h ∈ Hr this is equivalent to h = −k if r is odd and h = r − k if r
is even.
This shows that the pairing is non degenerate as the map k → −k (respectively k →
r − k) is a bijection of Hr (respectively of H+r ).
Finally the vectors we obtained form a basis of V(Σ) whose cardinality equals the
dimension of V(Σ) provided by the Verlinde formula (see Example 5.13), so V(Σ) = V(Σ).
6.3
The above calculations were supposing the existence of a non-integral period of ω. In
[14], using algebraic arguments (i.e. computing the Hochschild homology of the algebra of
endomorphisms of the projective modules in each category Cα, α ∈ C/2Z) we computed
the dimensions of S(B2 × S1) for any solid torus bounding Σ thus obtaining an upper
estimate for dim(V(Σ)), but we actually observed that when ω is non-integral this estimate
coincides with the dimension of V(Σ), even in the case when ω([S1 × {1}]) ∈ Z (to which
the above lemma does not apply). So it is natural to expect that also for non-generic ω
the skein module of the solid torus is isomorphic to V(Σ) for any solid torus bounding Σ
and in particular, using the computations in [14], we conjecture the following :
Conjecture 6.4. Let Σ = S1 × S1 and ω ∈ H1(S1 × S1;Z/2Z) then :
(1) If r ∈ 2Z+ 1 it holds dims
(
V(S1 × S1)) = 3r−12 ;
(2) If r ∈ 4Z+ 2 and ω 6= 0 then dims
(
V(S1 × S1)) = 3r−24 ;
(3) If r ∈ 4Z+ 2 and ω = 0 then dims (V(Σ)) = s−1 + 3r+24 + s,
where dims is the sum for k ∈ Z of sk times the dimension of the degree k subspace.
6.3. Basis for generic empty surfaces. Let Σ be a decorated surface of genus g with
{pi} = ∅. Let H be an oriented handlebody bounding Σ and let Γ be an oriented trivalent
ribbon graph which is a spine of H (i.e. H collapses on Γ). Let EΓ be the set of the ng
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oriented edges of Γ, where
ng =
{
1 if g = 1,
3g − 3 if g ≥ 2.
Let ω ∈ H1(Σ;C/2Z) ' H1(H \Γ;C/2Z) be the cohomology class of Σ and gω the induced
C/2Z-coloring of the edges of Γ. We say that Γ is ω-regular if for any e ∈ EΓ, we have
gω(e) /∈ Z/2Z.
Proposition 6.5. There exists a handlebody H bounding Σ which contains a ω-regular
spine Γ if and only if 2ω is non-integral.
Proof. We will prove the statement for g > 1 (the case of the torus is easier and left to
the reader). First, assume 2ω is non-integral. Let m1 be a simple curve in Σ such that
ω(m1) 6∈ 12Z. Let H be any handlebody bounding Σ (i.e. we have a diffeomorphism
f+ : Σ
∼→ ∂+H = ∂H) such that m1 bounds a disc in H and consider a spine of H which
is combinatorially equivalent to the oriented trivalent graph Γ obtained by gluing g − 1
copies of the following graph
eiei+1
e′i
e′′i
and finally closing up by identifying eg with e1. (It is easy to check that it exists as soon
as g > 1.) Up to self-diffeomorphisms of H we may suppose that the meridian of e1 is m1.
The meridians m1, . . . ,mg−1 of e1, . . . , eg−1 represent the same element x0 ∈ H1(Σ;Z).
Let x1, . . . , xg−1 be the homology classes in H1(Σ;Z) of the meridians m′1, . . . ,m′g−1 of
e′1, . . . e
′
g−1, respectively. Then (x0, . . . , xg−1) is an integral basis of the Lagrangian LH
which is the kernel of the map H1(Σ;Z) → H1(H;Z) induced by f+. The values of gω
on EΓ are given by gω(ei) = ω(x0), gω(e
′
i) = ω(xi) and gω(e
′′
i ) = ω(x0 − xi). Thus Γ is
ω-regular if and only if
(26) ω(x0), ω(xi), ω(x0 − xi) /∈ Z/2Z for i = 1 · · · g − 1.
By construction we have that ω(x0) /∈ ( 12Z)/2Z. We now construct a new basis x0 =
y0, y1, . . . yg−1 of LH such that ω(yi) /∈ Z/2Z and ω(yi − y0) /∈ Z/2Z arguing for each
i = 1, . . . g − 1 as follows:
• If ω(xi) ∈ Z/2Z, then for yi = xi − x0 we have ω(yi) /∈ Z/2Z and ω(x0 − yi) =
2ω(x0) + ω(xi) /∈ Z/2Z, so replace xi with yi.
• If ω(x0−xi) ∈ Z/2Z, then for yi = xi +x0 we have ω(yi) = 2ω(x0)−ω(x0−xi) /∈
Z/2Z and ω(x0 − yi) = −ω(x0) + ω(x0 − xi) /∈ Z/2Z, so replace xi with yi.
• Else, we just take yi = xi (observe that since ω(x0) /∈ Z/2Z the preceding two
cases cannot happen simultaneously).
Hence one can construct another Z-basis (yi)i=0···g−1 of LH for which (26) holds. Now the
mapping class group of Σ surjects on the symplectic group SP (H1(Σ;Z)) which acts transi-
tively on the Z-basis of any Lagrangian (because GLg(Z) ⊂ SP2g(Z)). Hence there exists a
diffeomorphism h of Σ which sends in homology the basis (yi)i=0···g−1 on (xi)i=0···g−1. We
reparametrize the boundary of H using f+ ◦h : Σ ∼→ ∂H, then the value of (f+ ◦ h)−1∗(ω)
on the meridian of the edges in Eγ are given by ω(yi), ω(y0 − yi) which are not integral
and Γ is ω-regular.
Conversely, if ω has only half integral values, then for any trivalent graph Γ, let v be
any vertex of Γ (g ≥ 2 so Γ has at least 2 vertices). Then the sum of the values of gω on
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the 3 edges adjacent to v is 0 ∈ C/2Z so the three values can’t be half integers and gω has
at least one value in Z/2Z. Hence Γ is not ω-regular. 6.5
Let H be as above and Γ ⊂ H be an oriented spine which is ω-regular. Fix a lift
ω˜ ∈ H1(Σ;C) of ω ∈ H1(Σ;C/2Z) and a maximal sub-tree T ⊂ Γ (for the graph Γ in the
above proof, one can take T = {e′′i }i=1···g−1 ∪ {ei}i=2···g−1). We now describe a basis of
V(Σ) associated to (T, ω˜) by means of colorings of a modified version of Γ.
Let e1, . . . eg be the edges of Γ \ T and eg+1, . . . , eng those of T . Let Γ′ be the graph
obtained by adding three edges e±1,0−1 to Γ whose endpoints are points p
±1,0
+ ∈ H \ Γ
and points p±1,0− ∈ e1, so that e1 is split by p±1,0− into four sub-edges which we will call
e0, e
′
0, e
′
1, e1:
Γ Γ′
e′0 e
′
1e0 e1
e0−1 e
1
−1e
−1
−1
Here the orientation of the edges e0, e
′
0, e
′
1, e1 is induced by the orientation of the original
edge e1. Note the endpoints p
±1,0
+ in Γ
′ are univalent vertices.
Definition 6.6 (Degree d colorings on Γ′). Here we use the notation of the previous
paragraph. Let  = 0 if r is odd and 1 otherwise. A degree d ∈ Z coloring on Γ′ is a map:
Col : EΓ′ → C
assigning each edge ei, for i = 1, ..., ng, the module Vαi where αi ∈ C¨ is of degree ω(mi)
and
Col(e1−1) = V0 = Col(e
−1
−1), Col(e
0
−1) = σ
d
such that
Col(e0) = Col(e1) + 2r
′d, Col(e′0) = Col(e0) + , Col(e
′
1) = Col(e1) + ,
and at each trivalent vertex of Γ′ we require that the algebraic sum of the colors of the
three adjacent edges is in Hr. Here and in what follows we write Col(e) = α ∈ C¨ to mean
Col(e) = Vα.
Recall that H+r = Hr ∩ R+ if r even and let H+r = Hr if r odd. For each d ∈ Z let
B := ⋃d∈Z Bd where
Bd = {degree d colorings| Col(ei) ∈ ω˜(mi) +H+r , ∀i = 1, . . . , g}.
Observe that to each element b ∈ Bd we may associate a vector of V(Σunionsq Ŝd) as follows: let
B3 ⊂ H˚ be a small ball disjoint from Γ. Embed Γ′ in H \ B˚3 by fixing p±1,0+ to belong to
∂B3 and color its edges by b. Equip H\(B3∪Γ′) with the cohomology class induced by ω on
the boundary (it exists and it is unique). Then let vb := [H\B˚3,Γ′b] ∈ V(ΣunionsqŜd) = V−d(Σ).
Proposition 6.7. Let Σ be a connected decorated surface of genus g with {pi} = ∅ and
suppose that the class ω ∈ H1(Σ;C/2Z) is such that 2ω is non-integral. Then for each
d ∈ Z, the set {vb : b ∈ Bd} described above forms a basis of V−d(Σ). In particular, the
set {vb : b ∈ B} is a basis for V(Σ).
Proof. Since 2ω is non-integral then Proposition 6.5 implies that there exists a handlebody
H containing an oriented spine Γ which is ω-regular. Then let Γ′ and Col be as above.
First, we show that card(B) = r2g−2r′g−1 = dimV(Σ) where the last equality comes
from Remark 5.10. Indeed, to construct an element of B, we first fix the colors of (αi)i=1···g
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→ →
Figure 5. Pairing Γ′b1 with Γ
′
b2
. In the drawing the 0-framed meridians
on which surgery is to be performed are in black: they encircle the edges of
T . The three horizontal segments in the middle of the drawing are colored
by V0, V0 and σ
d. To pass from the leftmost to the central drawing we
applied Lemma A.4 to all the zero framed meridians, thus reducing to
a framed trivalent graph in S3 without surgered meridians. In the last
drawing we show how to split this graph as a connected sum of θ-shaped
graphs.
of (ei)i=1···g. This choice is given by an element of (H+r )
g. Then we see T ∪ e0 ⊂ Γ′ as
a rooted tree with root p−1− and we color its edges recursively (starting from the leafs).
Each edge of T ∪ e0 can be colored by the r colors that appear in the decomposition
when tensoring the two already colored adjacent edges. Finally, let’s call Col(e0) = α0 +h
(h ∈ Hr) the r possible choices for Col(e0). The compatibility with ω ensures that all
α0 + h are congruent to Col(e1) modulo 2. So we must have Col(e0) = Col(e1) + 2r
′d for
some d ∈ Z. In other words, we want α0 + h − Col(e1) ∈ 2r′Z. There is exactly one h
satisfying this if r is odd and two if r is even. Only these rr′ (= 1 or 2) colors for e0 lead to
coloring in B. As T contains 2g− 3 edges, the cardinal of B is r′gr2g−3× rr′ as announced.
We now need to prove that the above vectors are linearly independent. To this purpose,
we pair them with the elements [H,Γ′b] of V
′(Σunionsq Ŝd) obtained by reversing the orientation
of H and taking the colorings opposite to those of Bd. We have:
〈[H,Γ′b1 ], [H,Γ′b2 ]〉 = Z(M)
where M is a connected sum of copies of S2 × S1 (one per edge of Γ \ T and one more
for the handle whose essential sphere is Ŝd) and contains the ribbon graph DΓ
′ obtained
by gluing the two copies of Γ′ along p±1,0+ . A surgery presentation for M is obtained by
considering two parallel copies of Γ in S3, encircling all the corresponding edges out of T
by 0-framed meridians, joining the two copies of e1 by three segments (representing the
doubles of e±1,0−1 ) and finally by encircling these three segments (colored by V0, V0 and σ
d)
by a 0-framed meridian (see the left part of the Figure 5). Applying Lemma A.4 to all the
pair of edges encircled by a 0-framed meridian as exemplified in Figure 5, and using the fact
that b1 ∈ Bd and −b2 ∈ Bd, one sees that if b2 6= −b1 then Z(M) = 0 and else it is non-zero
because, besides some powers of r, Z(M) is equal to the invariant of a graph in S3 which
is a connected sum of various θ-shaped graphs (one per each vertex of Γ and two more
for the graph resulting from the part of Γ′ surrounding e0 and e1). The invariant of such
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graph is easily checked to be non-zero. This proves that the vectors vb are independent as
they may be distinguished by the co-vectors v−b ∈ V′(Σ unionsq Ŝd), b ∈ Bd. 6.7
Example 6.8. Suppose g = 1 and m ⊂ Σ is an oriented simple closed curve such that
ω(m) = ω0 for some ω0 ∈ C \ Z; let Γ be an oriented circle representing the spine of a
handlebody whose meridian is m. Then T is the empty graph and the basis {vb} described
in Proposition 6.7 is given by all the colorings of Γ by complex numbers α ∈ ω0 +H+r . In
particular in this case all the colorings have degree 0 and dim(V(Σ)) = r′.
6.4. Finite dimensional representations of the Torelli groups. Let Σ be a surface
of genus g > 1. An element ω ∈ H1(Σ;C/2Z) is called an irrational class if ω(x) /∈
Z/2Z, ∀x ∈ H1(Σ;Z) \ {0}. Elements of H1(Σ;C/2Z) are generically irrational. If ω is an
irrational class, then one easily check that the values of ω on H1(Σ;Z) \ {0} are contained
in C/2Z \Q/2Z. Let us equip Σ with an irrational cohomology class.
Let Tg be the Torelli group of Σ. In this subsection we show that the action of Tg on
V(Σ) is potentially much more interesting than the corresponding action in the standard
TQFT associated to Reshetikhin-Turaev invariants: indeed the generators of Tg given by
Dehn twists along separating curves and along pairs of homologous simple closed curves
act with infinite order on V(Σ) while those of the standard Reshetikhin-Turaev TQFTs
have order r.
If c ⊂ Σ is a simple closed curve, let τc be the right-handed Dehn twist along c. We
recall that as proved by Birman and Powell Tg is generated by the following infinite set of
diffeomorphisms of Σ:
• {τc|c separating, non− trivial, simple closed curve};
• {τ−1c ◦ τc′ |c, c′ disjoint, non− separating, homologous simple oriented curves}.
Furthermore, the above result was improved for g ≥ 3 by Johnson who proved [40] that
actually a finite set of diffeomorphisms of the second type suffice to generate the whole
group. On contrast, as proved by Mess [52], T2 is an infinite rank free group. Finally let
us recall that Johnson [39] also proved that there exists a finite subset of the set:
{τ−1c ◦ τc′ |c, c′ disjoint, non− separating, −c unionsq c′ bound a twice− punctured torus in Σ}
which generates the whole Tg if g ≥ 3 . The main proposition of this subsection is the
following:
Theorem 6.9. Let r > 2 and let Σ be a genus g ≥ 3 surface equipped with an irrational
cohomology class ω. Then for for every pair of disjoint, non-trivial, non-separating, ho-
mologous simple closed oriented curves c, c′ the order of the action of τ−1c ◦ τc′ on V(Σ) is
infinite.
Proof. Let Γ be a ω-regular spine for an oriented handlebody H bounding Σ such that c
and c′ are meridians of edges e and e′ of Γ and T ⊂ Γ be a maximal sub-tree. Let also
ω([c]) = ω([c′]) = α ∈ (C \Q)/2Z (the curve c is not separating so [c] 6= 0). The effect of
the combination of Dehn-twists τ−1c′ ◦ τc is to change Γ ⊂ H into a new graph Γ′ which is
identical to Γ except for its framing which is changed by +1 on e and by −1 on e′. Let us
color the edges of Γ′ and Γ by a coloring corresponding to a vector vb of the basis {vb} of
V(Σ) constructed in Proposition 6.7, and let α+ h and −α+ k be the colors respectively
of e and e′. We assume that vb is such that h 6= k (this is possible as r > 2). Restoring
the framing of Γ′ to that of Γ changes the vector [H,Γ′] ∈ V(Σ) by multiplication by the
twists q
(α+h)2−(r−1)2
2 (for e) and q−
(α+k)2−(r−1)2
2 (for e′). Then it holds:
τ−1c′ ◦ τc(vb) = q
(α+h)2−(α+k)2
2 vb = q
(h−k)(α+ (h+k)2 )vb.
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By hypothesis on ω, we have α is irrational so the order of the action of τ−1c′ ◦ τc on vb
is infinite. (Remark also that the action of Tg is non-projective as the framing anomaly
intervenes only through the Maslov index which is always 0 for Torelli elements.) 6.9
6.5. Representation of the Kauffman skein algebra. The Kauffman skein module
SKA(M) of an oriented manifold M (see [66, 60]) is the quotient of the free Q[A±1]-module
generated by isotopy classes of unoriented framed links in M modulo the Kauffman skein
relations :
= A +A−1 and L unionsq = −(A2 +A−2)L.
Here A is either a formal variable or a non zero complex number. If Σ is an oriented
surface and M = Σ × [0, 1], SKA(Σ) = SKA(M) is an algebra with product induced by
the composition of the cobordism M = Σ× [0, 1] : Σ→ Σ with itself (M ◦M = M).
Consider the free group
G = H1(Σ;Z/2Z)
and let pi : Σ× [0, 1]→ Σ be the projection. Using the intersection form ι : H1(Σ;Z/2Z)⊗
H1(Σ;Z/2Z)→ Z/2Z, G can be identified with H1(Σ;Z/2Z). Then there is a natural G-
grading on SKA(Σ) = ⊕ωSKAω (Σ): a framed link L ⊂ Σ× [0, 1] represent a homogeneous
element of degree ωL = ι(pi∗([L]), .) ∈ G where [L] is the class of L in H1(Σ× [0, 1],Z/2Z).
One easily check that the skein relations are homogeneous and that SKAω (Σ).SKAω′(Σ) ⊂
SKAω+ω′(Σ).
Let ε = qr
2/2 which is a fourth root of unity (ε = −1 if r is even). Then SKε(Σ) is
well-known, is related to the character variety of Σ and embeds naturally into the center
of SKq1/2(Σ) (see [10, 50]). We now show that SKq1/2(Σ) has a natural representation in
some TQFT vector spaces associated to Σ.
We first fix a base point, a Lagrangian L and a cohomology class ω0 for Σ and consider
SV(Σ) =
⊕
ω∈G
V(Σ + ω) where Σ + ω = (Σ, ∅, ω0 + ω,L )
which only depends of the class of ω0 modulo Z.
Let M = (Σ× [0, 1], T, Id×0unionsq Id×1, ω, 0) : (Σ, ∅, ω0,L )→ (Σ, ∅, ω1,L ) be a decorated
manifold where T is an oriented framed link colored by the simple module S1. Let LT be
the underlying framed unoriented link in Σ× [0, 1]. Then we shall say that M is “a lift of
LT ”.
Proposition 6.10. Let Σ = (Σ, ∅, ω0,L ) be a decorated surface and L be an unoriented
framed link in Σ× [0, 1]. Then
(1) L has a lift ML : (Σ, ∅, ω0,L )→ (Σ, ∅, ω1,L ).
(2) for a lift ML of L as above, ω1 = ω0 + ωL.
Proof. Let denote by m1, . . . ,mn the meridians of the n components link L. Recall that
S1 ∈ C1 thus a cohomology class for a lift of L is compatible if and only if its values on each
mj is 1. Let X = Σ× [0, 1]. It is an exercise to show that H1(X \L) g∗→ H1(X) is surjective
with two preferred sections si∗ ◦ pi∗ where si : Σ → Σ × {i} ⊂ X \ L and pi : X → Σ.
The long exact sequence can then be used to show that ker g∗ ' Zn is generated by the
meridians [mj ]. Hence there is a unique cohomology class in ω
X
L ∈ H1(X \L;Z/2Z) which
vanish on (s0)∗(H1(Σ)) and whose value is 1 on each meridian [mj ]. Let ω′L = s
∗
1(ω
X
L ),
then the unique cohomology class in H1(X \ L;Z/2Z) which restricts to ω0 on Σ × {0}
and which is 1 on each mj is pi
∗(ω0) + ωXL . Its restriction on Σ× 1 is s∗1(pi∗(ω0) + ωXL ) =
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ω0 + ω
′
L. To see that ω
′
L = ωL, let γ be a simple closed curve in Σ. Consider the surface
C = γ× I \ v(L) ⊂ X \L where v(L) is an open tubular neighborhood of L. Then modulo
2, the boundary of C is given by [γ × 0] + [γ × 1]+some meridians. The number of these
meridians is given by the number of intersection points of γ × [0, 1] ∩ L which is also the
number of intersection points of γ∩pi(L) and is given modulo 2 by ι(pi∗([L]), [γ]) = ωL([γ]).
Hence ω′L([γ]) = ω
X
L ([γ × 1]) = ωL([γ]). 6.10
Theorem 6.11. Let Σ = (Σ, ∅, ω0,L ) be a decorated surface. There is a representation
of SK(Σ) in SV(Σ) given by blocks
[L] 7→ K(L) where K(L)|V(Σ+ω) : V(Σ + ω)→ V(Σ + ω + ωL)
is given by sending [L] to V(ML) for any lift ML : Σ + ω → Σ + ω + ωL of L.
Proof. Let ML be a lift of L.
There is a isomorphism in C , w : S1 → S∗1 sending v1 7→ v∗0 and v0 7→ −qv∗1 . It is compat-
ible with the pivotal structure i.e. (w∗)−1 ◦ w : S1 → S∗∗1 is given by the multiplication
by the pivotal element K1−r. Graphically, we have the following skein relations where all
strands are colored by S1 and all coupons by w or w
−1 :
F
  = F( ) and F
  = F( )
Using these two relations one easily shows that reversing the orientation of a component of
ML leads to a skein equivalent cobordism. Next, suppose that LX , L0, L∞ ⊂ Σ× [0, 1] are
related by a Kauffman skein relation. Let MX ,M0,M∞ be lifts of these links and assume
that only the components of their link involved in the skein relation differ. We claim that
MX − q 12M0− q− 12M∞ is skein equivalent to zero. To see this, we modify the components
of M0 and M∞, by inserting w±1-colored coupons as above if necessary so that they are
diffeomorphic to MX outside the ball where they differ as in the Kauffman skein relation.
According to the orientation of the link in MX , we are left to check four skein relations as
for example
F
( )
− q 12F
( )
− q− 12F
( )
which is a direct computation.
Hence the map L 7→ V(ML) satisfies the Kauffman skein relation and induces a map
on SK(Σ). 6.11
Remark 6.12. Similarly, one can define SV′(Σ) and
K ′ : SK(Σ)→ EndC(SV′(Σ)).
Remark 6.13. Following the ideas of [25], one should be able to prove the asymptotic
faithfulness modulo center of the mapping class group representation into V(Σ;Z/2Z)
where Σ = (Σ, ∅, 0,L ). Here the asymptotic is for the order 2r of q going to ∞. More
precisely, the following should hold: for any non central f in the mapping class group of
Σ, and any simple curve L ⊂ Σ with f(L) non isotopic to L, there exists r0 ∈ N such that
r > r0 =⇒ SVr(ML) 6= SVr(Mf )SVr(ML)Vr(Mf )−1 = SVr(Mf(L))
where ML is a lift of L ⊂ Σ × 12 ⊂ Σ × [0, 1] and Mf is the mapping cylinder of f (cf
Section 3.3). One difference with [25] would be that it is not clear for this representation
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that such a r0 should be dependent of f ; indeed there are no evident elements in the kernel
of these representations as the powers of the Dehn twists are not necessarily trivial.
6.6. A TQFT for the Volume Conjecture. In this subsection we restrict our analysis
to the case when ω = 0 and explain how this case is related to the volume conjecture.
We compute explicitly some of the graded dimensions of the vector spaces V(Σ) and, in
the end of the section, we show that this case produces a new set of representations of
mapping class groups which could possibly be injective (we could find no element in the
kernel of these representations).
Let Cob0 be the subcategory of Cob formed by all the objects and cobordisms whose
cohomology classes are 0. If Σ ∈ Cob0 then MCG(Σ) acts projectively on V(Σ) for every r.
If r is odd then V0 (also known as the Kashaev module) belongs to the subcategory C0 of C
and thus the graphs decorating the morphisms of Cob0 may be colored by it. In particular
if one considers a closed cobordism formed by a closed M containing a framed oriented link
T whose edges are colored by V0 the invariant one gets is the generalized Kashaev invariant
defined in [12] (so called because if M = S3 it coincides with the Kashaev invariant of T
(see [53])). Hence the restriction of the functor V to Cob0 yields a TQFT in particular for
the Kashaev invariant. In view of the Volume Conjecture it is natural to wonder whether
the action of MCG(Σ) on V(Σ) (for Σ ∈ Cob0) is asymptotically related to a geometric
action like, for instance, the action on the space of L2 functions on the character variety
of Σ:
χSL(2;C)(Σ) = {ρ : pi1(Σ)→ SL(2;C)}//SL(2;C)
where the quotient is meant in the sense of geometric invariant theory, and the measure is
induced by Goldman’s symplectic form. So given a diffeomorphism φ ∈ MCG(Σ), letting
Nφ ∈ End(V(Σ)) be the morphism induced by the mapping cylinder of φ (as defined in
Subsection 3.3.1), we ask the following:
Question 6.14. If φ is pseudo-Anosov, is there a relation between asymptotic behavior
(for large r) of the spectrum of V(Nφ) ∈ End(V(Σ)) and the dilatation factor of φ? Can
one recover the hyperbolic volume of the mapping torus associated to φ?
Currently the above questions are only motivated by the generalization of volume con-
jecture proposed in [12]: indeed if one considers for instance Σ being a closed surface
containing some V0-colored points, then the mapping cylinder of a pseudo Anosov dif-
feomorphism permuting these points is hyperbolic and the image of the points gives a
V0-colored link in the cylinder.
Another aspect of our theory is that it seems to be related to the logarithmic conformal
field theories and in particular to the representation theory for the triplet algebras W (r)
(see [22] and [23]). Indeed as shown in [22] there is a SL(2;Z) equivariant correspondence
between the space of conformal blocks associated to the triplet algebra W (r) and the
center of the small quantum group Uq(sl2) (seen as a representation s of SL(2;Z) as
shown in [48]). But we expect that for Σ = S1 × S1 and ω = 0, there exists a SL(2,Z)-
covariant map from the center Z of the small quantum group Uq(sl2) to V(Σ). The map
can be described as follows : For r odd, let P =
⊕r−1
i=0 Pi ⊗ CH(i)r where (i) = 1 if i
is odd and 0 else. If instead r is even, let P =
⊕ r
2−1
i=0 P2i. For any f ∈ EndC (P), let
v(f) : ∅ → (S1 × S1, ∅, 0,L ) be the cobordism (S1 × B2, S1 × {0}) where the color of
S1 × {0} is P and there is a coupon on it containing the endomorphism f . There is a
natural map from Z to the center of UHq sl(2)/Kr−1 (indeed every element of Z has weight
zero and thus commutes also with the action of H) which acts faithfully on P. Using this
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action ρ, we get the map Z → V(S1 × S1) given by z 7→ v(ρ(z)). As any indecomposable
module of C0 is the tensor product of a direct summand of P with a power of σ, one
can show that vectors v(f) generate the skein module S(S1 × B2, S1 × S1) and so also
V(S1 × S1, ∅, 0,L ). Because of the skein relations in the torus, this map factors through
an isomorphism HH0(EndC (P))→ S(S1 ×B2, S1 × S1) from the Hochschild homology of
EndC (P).
Question 6.15 (Relations between V and the logarithmic CFTs). Is the above map equi-
variant with respect to the actions of SL(2;Z) on Z described in [48] and the action of the
mapping class group of S1×S1? What are its kernel and cokernel? Can one extend these
correspondence to more general spaces of conformal blocks?
Even if Theorem 5.9 does not apply to the case of a closed surface containing no points
and whose cohomology class is 0, it does apply to a fairly similar case: let Σg2j be a
connected decorated surface of genus g ≥ 1 and containing exactly one point p whose
color is P2j for some j ∈ N, j < r−12 or possibly V0 in case r is odd. The following is a
direct corollary of Theorem 5.9 and Lemma A.5:
Proposition 6.16 (Graded dimensions of 0-cohomology vector spaces). If the color of p
is P2j with j <
r−1
2 then
dimtV(Σg2j) = (−1)r−1
(r′)g
r
∑
k∈Hr
( {rβ}
{β + k}
)2g−1 (
q(r−1−2j)(β+k) + q−(r−1−2j)(β+k)
)
.
If the color of p is V0 (and hence r is odd) then :
dimtV(Σgr−1) = r
g−1 ∑
k∈Hr
( {rβ}
{β + k}
)2g−1
.
If ω = 0 then MCG(Σ) acts on V(Σ). The following proposition shows that the order
of the action of each Dehn twist along a non-separating curve is infinite (while, this is not
the case for the standard WRT theory):
Theorem 6.17. Let Σ be a closed decorated surface whose cohomology class is 0 (possibly
containing some points), let c ⊂ Σ a non-separating curve and τc the Dehn-twist along c.
Then the order of the action of τc on V(Σ) is infinite.
Proof. Let c′ be a curve in Σ intersecting c exactly once and let H be a handlebody
bounding Σ, and push c′ into H. Equip c′ with the framing parallel to Σ and let T and
xT be the C -ribbon graphs represented by c′ equipped respectively with the color P0 and
with the color P0 together with a coupon containing a nilpotent endomorphism x0. Then
τc acts on [H,T ] as the twist on P0 and it holds
τc([H,T ]) = [H,T ]− (r − 1){1}[H,xT ], and τc([H,xT ]) = [H,xT ].
To prove our claim it is then sufficient to show that the vector [H,xT ] is non-zero in V(Σ)
(this automatically proves also that [H,T ] 6= 0). To this purpose let H ′ be a handlebody
bounding Σ so that H ′ ◦ H = S3 and [H ′, ∅] ∈ V′(Σ) the vector it represents. Then it
holds 〈[H ′, ∅], [H,xT ]〉 = t(xP0) 6= 0. 6.17
6.7. r = 2 and the Torsion. For r = 2, the colored invariant of links is related to
the multivariable Alexander polynomial. This fact first observed by Jun Murakami [54]
is exposed with many details in Viro’s paper [71]. Complete formulas for computing
Reidemeister torsion from multivariable Alexander polynomials on a surgery presentation
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are given by Turaev in [68]. The Reidemeister torsion was defined in 1935 [61], and
shown to classify lens spaces. We show that our invariant for r = 2, denoted by Z2,
is a canonical normalization of Reidemeister torsion. We give the exact relation with
Reidemeister-Turaev torsion involving an additional complex spin structure (Theorem
6.23). In particular we show directly that this quantum invariant classifies lens spaces
(Proposition 6.24). The construction in this paper, when specialized at r = 2, gives a
TQFT extension of abelian Reidemeister torsion. We could speculate that this picture
extend to the general case for a non commutative torsion to be understood.
If r = 2 then q = e
ipi
2 = i and we have d(α) =
−2
iα + i−α
=
2i
{α− 1} .
Proposition 6.18. For r = 2, the invariant F ′ of C \ (2Z+ 1)-colored trivalent graphs in
S3 is related to the invariant ∆2 defined by Viro in [71] by
∀T, F ′(T ) = (−2i)1−v/2∆2(
←−
T )
where v is the number of vertices of T and
←−
T is the graph with reversed orientation.
Proof. The equality is easily seen to hold for the unknot and for the theta graph (see
[71] Section 8.1 for the values of ∆2). For what concerns the tetrahedron, let us fix the
notation of a coloring on T as follows:
j1
j2
j3
j4
j6
j5 .
In [71] only colorings such that the algebraic sum of the colors around each vertex
is in {±1} were considered. For instance with our notation these conditions read as
j6 + j1 − j5 = ±1, j1 + j2 − j3 = ±1 and so on. Then there are exactly two vertices in the
tetrahedron where the sum is −1 and exactly one edge connecting them which we will call
the “special edge”. According to [71], Section 8.2, the value of ∆2(T ) is i
1+A− i−1−A if A
is the color of this edge. In our case, the value of the invariant F ′(T ) is :
∣∣∣∣ j1 j2 j3j4 j5 j6
∣∣∣∣
(an explicit formula was provided in Section 1.2 of [12]). In particular it holds:∣∣∣∣ α β − α+ 1 βγ − β + 1 γ γ − α+ 1
∣∣∣∣ = {γ − α}{1} = iα−γ − iγ−α−2i .
If we reverse the orientations of all the edges, with our choice of coloring the special edge
is j6 and so its color is A = −(γ − α + 1) (the minus coming from the arrow reversal).
This proves the claim also for the tetrahedral graphs.
To conclude it is sufficient to prove that the invariants have the same characterizing
properties, which allow to reduce their computation to products and sums of theta graphs,
tetrahedra and unknots. These properties are those specified in Section 9 of [71] for ∆2
and in Section 1.2 of [12] for F ′. 6.18
Corollary 6.19. Let L be a framed oriented link in S3 with n ordered components colored
α1, . . . , αm ∈ C \ (2Z+ 1), then the invariant F ′(L) for r = 2 is related to the Alexander-
Conway function ∇(L) by
F ′(L) = −2i∇(L)(i1−α1 , . . . , i1−αm)i
∑m
j,k=1
αjαk−1
2 lkjk
Where lk is the linking matrix of L.
Proof. This is a direct consequence of Proposition 6.18 and of Proposition 8.6.A in [71].
6.19
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Let us recall for r even the set Hr = {1 − r, . . . ,−1, 1, . . . , r − 3, r − 1} and denote by
H+r = Hr ∩ N. Then we have:
Proposition 6.20. Let Ω+α =
∑
k∈H+r d(α + k)Vα+k then Ωα = (I ⊕ −σ−1) ⊗ Ω+α where
the minus sign comes from d(β−r) = −d(β). Hence, if L∪T is a computable presentation
of a compatible triple,
F ′((L, λΩ) ∪ T ) = F ′((L, 2λΩ+) ∪ T ).
In the case r = 2, it is convenient to use
Ω˜α =
1
2
Ω+α =
d(α+ 1)
2
Vα+1 =
i
iα − i−αVα+1 .
Remark 6.21. An advantage in the case r = 2 is that C1 is semi-simple with simple
objects σk ⊗ V0. Thus there exists a reduced Kirby color Ω˜1 and this allows to extend the
class of triples where Z is defined: any triple (M,T, ω) with ω 6= 0 admits a computable
presentation.
In the general formula for the normalized invariant Z we have to substitute λ = 14 ,
η = 12 , δ = i. The normalized invariant of a connected M = S
3(L) containing a colored
graph T and cohomology class ω represented by α and with canonical extended structure
is then given by formula (5):
Z2(M,T, ω) =
1
2
i−σF ′((Lj , Ω˜αj ), T ) .
In particular, if T = ∅ and L has m components, we can use Corollary 6.19 and get:
F ′
(
(Lj , Ω˜αj )
)
=
 m∏
j=1
i
iαj − i−αj
 (−2i)∇(L)(i−α1 , . . . , i−αm)i∑mj,k=1 (αj+1)(αk+1)−12 lkjk .
Finally recalling that the Alexander-Conway function satisfies
∇(L)(t−11 , . . . , t−1m ) = (−1)m∇(L)(t1, . . . , tm)
and observing that
∑
j,k
(αj+1)(αk+1)−1
2 lkjk =
∑
j,k
αj(αk+2)
2 lkjk we get:
Proposition 6.22. If M is 3-manifold with nonzero cohomology class ω ∈ H1(M,C/2Z),
given by a computable surgery presentation (S3(L), α) (each αj ∈ C/2Z is nonzero) then
Z2(M, ∅, ω) = i−σ−m−1
 m∏
j=1
1
iαj − i−αj
∇(L)(iα1 , . . . , iαm)i∑mj,k=1 αj(αk+2)2 lkjk .
The Turaev refined abelian Reidemeister torsion is defined for a closed 3-manifold
M endowed with an homomorphism φ : H1(M) → C∗ and a complex spin structure
σ ∈ Spinc(M) (or Euler structure). To a cohomology class ω ∈ H1(M,C/2Z) we asso-
ciate the homomorphism φω : H1(M)→ C∗ defined by the formula
φω(h) = e
ipi<ω,h> = i2<ω,h> .
Turaev uses the spinc structure and the canonical homology orientation to fix the indeter-
minacy in Reidemeister torsion. Our invariant Z2(M, ∅, ω, 0) is a version of the Reidemeis-
ter torsion for the homomorphism given by φω which fixes the indeterminacy without any
extra choice. The theorem below clarifies the relationship between Z2(M, ∅, ω, 0) and the
Turaev refined torsion τφω (M,σ), σ ∈ Spinc(M). Here the canonical homology orientation
is used.
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Theorem 6.23. If M is a closed 3-manifold equipped with a spinc-structure σ and non
trivial cohomology class ω ∈ H1(M,C/2Z), and φω ∈ Hom(H1(M),C∗) is the correspond-
ing homomorphism, then
τφω (M,σ) = Z2(M, ∅, ω)× i1+b1(M)+4ψσ(ω) .
Here b1(M) is the first Betti number and the map ψσ : H
1(M,C/2Z)→ C/Z is a version
of the quadratic linking function φσ : H2(M,Q/Z)→ Q/Z defined by Deloup-Massuyeau
in [20] (Definition 2.2). The definition extends to a function φσ : H2(M,C/Z) → C/Z,
and we define ψσ by the formula
ψσ(ω) = φσ
(
1
2
Dω
)
.
Here σ 7→ σ is the natural involution on complex spin structures, D : H1(M ;C/2Z) →
H2(M ;C/2Z) is Poincare´ duality and × 12 is the map induced by the natural “division by
two” isomorphism from C/2Z to C/Z.
If we are given a surgery presentation of M with corresponding 4-manifold W , a class
w˜ ∈ H2(W,M ;C) which is a lift to C-coefficients of w = δω ∈ H2(W,M ;C/2Z) (where
δ : H1(M ;C/2Z) → H2(W,M ;C/2Z) is part of the exact sequence of the pair (W,M)),
and we let c(σ˜) ∈ H2(W,Z) be the Chern class of a complex spin structure σ˜ on W whose
restriction to M is σ, then ψσ(ω) is given by the following formula
(27) ψσ(ω) = −1
8
w˜ · w˜ − 1
4
w˜ · c(σ˜) ∈ C/Z
Invariance of this formula follows from [20, Lemma 2.6].
Proof. We consider a computable presentation with m components: M = S3(L), ω = ωα
with αj ∈ C/2Z non zero for 1 ≤ j ≤ m. The Turaev surgery formula for the torsion is
given by the formula [68, VIII.2,2b]
τφω (M,σ) = (−1)b1(M)+mdet0(BL)
m∏
j=1
t
kj−1
2
j
t
1
2
j − t−
1
2
j
∇(L)(t 121 , . . . , t
1
2
m) .
Here BL = lk is the linking matrix, and letting b+ (b−) the number of its positive (resp.
negative) eigenvalues we have det0(BL) = (−1)b− ; moreover we have t
1
2
j = i
αj , and the
kj , 1 ≤ j ≤ m, are the charges (combinatorial data described in [68], VI 2.2, to identify
σ). Complex spin structures are alternatively described by Chern vectors sj [19], and the
correspondence is given by the formula [19, 3.1]
kj − 1 = −sj +
∑
k
lkjk , 1 ≤ j ≤ m .
τφω (M,σ) = (−1)b+
m∏
j=1
1
iαj − i−αj∇(L)(i
α1 , . . . , iαm)× i−
∑
j αjsj+
∑
j,k αj lkjk .
τφω (M,σ) = Z2(M, ∅, α)× i1+m−b+−b−−
∑m
j,k=1
αjαk
2 lkjk −
∑
j αjsj .
We have b1(M) = m− b+ − b−. Identification of the last factor is obtained from formula
27. 6.23
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Proposition 6.24. Let p > q > 0 be two coprime integers and consider the lens space
L(p, q) equipped with a non zero cohomology class ω. Then
Z2(L(p, q), ω) =
(−1)ke ipik
2q
p
4i sin pikqp sin
pik
p
for some k ∈ Z \ pZ depending on ω. Hence the invariants Z2 distinguish the lens spaces.
Proof. There exists integers ai ≥ 2 such that p
q
= 〈a1, . . . , an〉 = a1 − 1
a2 − · · · 1an−1− 1an
(ai is the smallest integer greater that 〈ai, . . . , an〉). Let L =

a1 1 0
1 a2
. .
.
.
.
.
.
.
. 1
0 1 an
 then
L(p, q) is presented by surgery on the chain link C = C(a1, . . . , an) whose linking matrix
is given by L (C is a connected sum of framed Hopf links see [59]).
For k ∈ Z \ pZ, let ~ω = L−1

2k
0
.
.
.
0
 and ~u =

1
.
.
.
1
. Then the coordinates of ω satisfy ω1 =
2k qp and ωn = 2k
(−1)n−1
p (the vector ω represents all cohomology class for the different
values of k). Indeed if one defines cn+1 = 0, cn = 1 and recursively ci = −aici+1− ci+2 for
i = 0 · · ·n− 1, then (−1)icn−i is an increasing sequence of integers, gcd(ci, ci+1) = 1 and
ci−1
ci
= −〈ai, . . . , an〉. Thus c0 = (−1)np, c1 = (−1)n−1q and finally ωi = (−1)n−1 2kp ci.
Z2(L(p, q), ω) =
1
2 i
−σF ′((C, Ω˜ωj )). L is positive definite and so σ = n. Now the link being
a connected sum of Hopf links, its invariant is easy to compute (see [12]) and thus
Z2(L(p, q), ω) =
1
2n+1
i−nd(ω1 + 1)d(ωn + 1)
n∏
j=1
i
aj
2 ((ωj+1)
2−1)
n−1∏
j=1
−2i(ωj+1)(ωj+1+1)
=
−4i−n
2n+1{ω1}{ωn} (−2)
n−1 exp
(
ipi
4
(
t(~ω + ~u)L(~ω + ~u)−
∑
i
ai
))
=
in
{ω1}{ωn} exp
(
ipi
4
(
t(~ω + ~u)L(~ω + ~u)− t~uL~u+ 2(n− 1)))
=
i2n−1
{ω1}{ωn} exp
(
ipi
4
(
t~ωL(~ω + 2~u)
))
=
(−1)n−1i{
2k qp
}{
2k (−1)
n−1
p
} exp( ipi
4
(
2k(2k
q
p
+ 2)
))
=
(−1)ki{
2kq
p
}{
2k
p
} exp( ipik2q
p
)
The Reidemeister-Franz proof of the classification of lens spaces using the torsion (see also
[51]) can then be applied. Recall Franz’s lemma:
Lemma 6.25 (Franz, [24]). Let p ≥ 1 be an integer and let Z×p be the multiplicative group
of invertible elements of Z/pZ. Let a : Z×p → Z be a map such that
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(1)
∑
j∈Z×p a(j) = 0,
(2) ∀j ∈ Z×p , a(j) = a(−j),
(3)
∏
j∈Z×p (ζ
j − 1)a(j) = 1 for any pth root of unity ζ 6= 1.
Then, a(j) = 0 for all j ∈ Z×p .
Now, suppose that for some q′ coprime with p there exists an invertible c ∈ Z/pZ such
that
(28)
(−1)ke ipik
2q
p
4i sin pikqp sin
pik
p
=
(−1)cke ipic
2k2q′
p
4i sin pickq
′
p sin
pick
p
, ∀k ∈ Z \ pZ.
Taking the absolute values and setting ζ = exp( 2ipikp ) we get
(1− ζq)(1− ζ)(1− ζ−q)(1− ζ−1) = (1− ζcq′)(1− ζc)(1− ζ−cq′)(1− ζ−c)
which holds for all pth-roots of unity. This, implies that the sets {1,−1, q,−q} and
{c,−c, cq′,−cq′} must coincide, thus leaving 8 possible cases. Indeed letting for each
j ∈ Z×p m(j) and m′(j) be the number of times j appears in the sequence (1,−1, q,−q)
and (c,−c, cq′,−cq′) respectively, it can be easily verified that a(j) = m(j)−m′(j) satisfies
the hypotheses of Lemma 6.25. Thus m(j) = m′(j) and the two sequences coincide up to
permutation. Now, analyzing the argument mod pi of Equation (28), we have q = c2q′ mod
p. Thus modulo p, either c2 = 1 and q = q′ or c2 = q2 and qq′ = 1. Finally, the isotopy
between the chain links C(a1, . . . , an) and C(an, . . . , a1) implies that L(p, q) ' L(p, q′)
through an orientation preserving diffeomorphism when qq′ = 1 mod p. 6.25
6.8. The space V(S1 × S1) in the case r = 2. In this subsection we give a basis for
V(S1 × S1, ∅, ω,L ) when r = 2 and ω is any cohomology class and L any Lagrangian.
We use this basis in the next subsection when considering the action of the mapping class
group on V(S1 × S1, ).
As explained in the preceding subsection, the case r = 2 is specific for many rea-
sons. One is that the projective module Pr−1 = P1 coincides with both V0 and S1;
also the projective module P0 is isomorphic to V0 ⊗ V0. The basis of P0 is given by
vectors vL0 , v
U
2 , v
R
0 , v
D
−2 where Hv
X
i = iv
X
i for X ∈ {U,L,R,D}, E(vL0 ) = vU2 , F (vL0 ) =
vD−2, E(v
D
−2) = v
R
0 , F (v
U
2 ) = v
R
0 and the action of E and F on all other vectors is zero (see
the Appendix). We leave the following as an exercise:
P0 ⊗ V0 = (σ ⊗ V0)⊕ V0 ⊕ (σ−1 ⊗ V0), and P0 ⊗ P0 = (σ ⊗ P0)⊕ (σ−1 ⊗ P0)⊕ P0 ⊕ P0.
Observe that P0 has a nilpotent endomorphism x of order 2 uniquely defined by
x(vL0 ) = v
R
0 .
Finally, P0 generates the category of projective modules in C0. For any module M ∈ C
let TM be the oriented solid torus whose core is a framed oriented circle colored by M ;
furthermore we shall denote TxP0 the solid torus whose core is colored by P0 and contains
a coupon colored by the nilpotent endomorphism x : P0 → P0.
Proposition 6.26. Let r = 2. Let Σ = (S1 × S1, ∅, ω,L ) be a decorated surface where
ω ∈ H1(Σ;C/2Z) is any cohomology class. If there exists a simple closed curve m ⊂ Σ
such that α := ω(m) /∈ Z/2Z then V(Σ) is spanned by [TVα ] where the meridian of T is m.
If instead ω = 0 and m ⊂ Σ is an oriented non-trivial simple closed curve then V(Σ) is
spanned by [TP0 ], [TxP0 ] where T is the solid torus whose meridian is m. Moreover, V
′(Σ)
is spanned by [T ′∅], [ST∅] where T
′
∅ is an empty, negatively oriented copy of T and ST
′
∅ is
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obtained from T ′∅ by changing the identification of its boundary with S
1 × S1 via the map
S(θ, θ′) = (−θ′, θ).
Proof. The first case is a special case of Proposition 6.3. In the second case we claim
that the vectors [TP0 ] and [TxP0 ] are linearly independent in V(Σ). Indeed, it is sufficient
to pair them with co-vectors in V′(Σ) which distinguish them. If we pair [TP0 ] with the
empty torus [ST ′∅] whose meridian intersects m once, we get an S
3 containing the core of
T as an unknot colored by P0 so
Z([ST ′∅] ◦ [TP0 ]) = η tP0(IdP0) = 0, Z([ST ′∅] ◦ [TxP0 ]) = η tP0(x) = −η = −
1
2
where tP0 is the modified trace, see Lemma A.6. This shows that [TxP0 ] 6= 0 and that its
dual vector in V′(Σ) is −2[ST ′∅].
To show that [TP0 ] 6= 0 we couple it with the empty torus T ′∅ whose meridian coincides
with that of T , thus getting a S2 × S1 containing a knot of the form {p} × S1 whose
component is colored by P0. As P0 ' V0 ⊗ V ∗0 , the decorated manifold T ′∅ ◦ TP0 is skein
equivalent to two parallel knots with opposite orientation in S2×S1 colored by V0. Then we
can apply 1-surgery (Proposition 4.8) and we obtain Z([T ′∅]◦[TP0 ]) = (ηd(0))−1Z(S3, o) = 1
where o denotes the unknot colored by V0.
Similarly it holds Z([T ′∅] ◦ [TxP0 ]) = 0. Indeed by Lemma A.8 the decorated manifold
[T ′∅] ◦ [TxP0 ] is skein equivalent to two parallel knots with opposite orientation in S2 × S1
colored by V0 and encircled by another V0-colored one. Applying as before a 1 surgery we
obtain that Z([T ′∅]◦ [TxP0 ]) = (ηd(0))−1Z(S3, ounionsqo) = 0. Hence [TP0 ] and [TxP0 ] are linearly
independent in V(Σ) and their dual basis vectors are [T ′∅] and −2[ST ′∅], respectively.
We finally claim that [TP0 ] and [TxP0 ] span the whole V(Σ). Indeed, by Theorem 4.13
V(Σ) is spanned by S(T,Σ) where T is a solid torus bounding Σ. Every element of S(T,Σ)
is equivalent to an element whose graph intersects the meridian disc of T transversally.
Furthermore, by Proposition 4.12 we can suppose that such elements contains an edge
colored by a projective module. Thus, up to skein equivalence, we may consider elements
which intersect the meridian disc in a single edge colored by a projective module, hence
by a direct sum of copies of P0 as P0 generates additively the projective modules of C0.
Finally the endomorphisms Id and x generate Hom(P0, P0) thus every skein is equivalent
to a linear combination of [TP0 ] and [TxP0 ] in V(Σ).
6.26
Remark 6.27. The case ω = 0 is singular and is not dealt with the Verlinde formula of
Theorem 5.9. In particular in the above case the dimension in this case is 2 instead that
1 as in the generic case.
6.9. The mapping class group representation for r = 2 and ω = 0. Recall the
cylinders LL ,L ′ and Mf of Remark 3.3.1. Let Σ be a decorated surface with Lagrangian
L and the 0 cohomology class. The mapping class group Mod(Σ) is the isotopy classes of
orientation preserving diffeomorphisms of Σ. For f an element of Mod(Σ), we can associate
the endomorphism Nf := V(Lf∗(L ),L ◦Mf ) of V(Σ) where f∗ : H1(Σ;Z) → H1(Σ;Z) is
the push-forward of f . The composition law in Cob and the contribution of the signature-
weight of extended cobordism to V imply that for f, g in the mapping class group, one
has
Nf ◦Ng = δ−µ(f∗(L ),L ,g−1∗ (L ))Nfg.
Theorem 6.28. Let Σ = S1 × S1 and r = 2. Then the map Mod(Σ) → EndC(V(Σ))
given by f → Nf yields a projective representation which is injective modulo the center.
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Proof. Choose an oriented meridian m and an oriented longitude l of the oriented torus
so that m · l = 1. Let T and S be the elements of Mod(Σ) given, respectively, by the
Dehn twist along m and the map sending m to l and l to −m. It is well known that
Mod(Σ) = 〈S, T |S4 = 1, (TS)3 = S2〉 which is isomorphic as a group to SL(2;Z).
Observe that acting by S on V(Σ) we need to take into account the cohomology class ω =
0 and the Lagrangian subspace L of the decorated surface Σ. Indeed, if we consider the
generators [TP0 ], [TxP0 ] described in Proposition 6.26 for V(Σ) where we fix the lagrangian
L to be the homology class [m], then S∗(L ) = R.[l] ⊂ H1(Σ;R). To correct this,
in the definition of NS we post-compose the morphism MS with LS∗(L ),L to get an
endomorphisms of Σ. Thus, when S acts on either of the generators [TP0 ] or [TxP0 ] the
overall Maslov correction factor is
−µ(S∗(L ),L , Id−1∗ (L )) = −µ([l], [m], [m]) = 0.
Similarly, the correction factor for the action of T is
−µ(T∗(L ),L , Id−1∗ (L )) = −µ([m], [m], [m]) = 0.
However, in general, for the composition of combinations of [TP0 ] and [TxP0 ] the Maslov
correction is non-zero. Thus, the representation of the mapping class group of the torus
is only defined up to powers of δ, and so it is projective.
Next we show that the image of [TxP0 ] via the mapping class S is − 12 [TP0 ]. Indeed, as
in Proposition 6.26, let T ′∅ be the empty solid torus negatively oriented whose meridian
coincides with m. Pairing NS([TxP0 ]) with [T
′
∅] ∈ V′(Σ) we get an S3 containing the
core of T as an unknot colored by xP0. As computed in the proof of Proposition 6.26
the value of this manifold is − 12 . It also follows as in the proof of Proposition 6.26 that
Z([T ′∅] ◦ NS([TxP0 ]) = 0. Finally, recall that the dual vector of [TP0 ] is [T ′∅]. Combining
these results we have NS([TxP0 ]) = − 12 [TP0 ]. Similarly, it can be shown that NS([TP0 ]) =−2[TxP0 ].
By Lemma A.7 we have the twist θP0 is equal to Id−2ix, and so (θP0)n = Id−2inx.
Thus, the Dehn twist T has infinite order as
NnT ([TP0 ]) = [T(θP0 )n ] = [TP0 ]− 2in[TxP0 ], and NnT ([TxP0 ]) = [TxP0 ].
where T(θP0 )n is the solid torus whose core is colored by P0 and contains a coupon colored
by (θP0)
n : P0 → P0.
Hence we the obtained a projective representation of the mapping class group of the
torus which in the basis [TxP0 ], [TP0 ] of V(Σ) reads
T =
(
1 −2i
0 1
)
, S =
(
0 −2
− 12 0
)
.
This representation is only projective (indeed (TS)3 =
√−1S2) but may actually be
corrected by multiplying S by −√−1 to a true representation of SL(2;Z) which is conju-
gated (via the diagonal matrix with eigenvalues −2√−1, 1) to the natural representation
of SL(2;Z) and is thus faithful. Hence the projective representation of SL(2;Z) on V(Σ)
is injective on SL(2;Z)/±Id. 6.28
Appendix A. Projective modules and algebraic facts
Here we recall some properties of U
H
q sl(2)-modules and there traces. Except for Lemma
A.4 all of these results are proved in [14].
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Proposition A.1. For i = 0, ..., r−1, there exists indecomposable projective modules Pi of
highest weight 2r−i−2 such that any projective indecomposable weight module P ∈ C0∪C1
is isomorphic to the unique module CHkr⊗Pi that has the same highest weight (k+2)r−i−2
as P . Moreover, the highest and lowest weights of Pi satisfy hw(Pi) ≤ lw(Pi) + 4(r − 1).
Corollary A.2. Let α ∈ C \ Z. Let P ∈ C0 be a projective module, then there exist
maps fi : P → V0 ⊗ σni ⊗ V ∗0 , gi : V0 ⊗ σni ⊗ V ∗0 → P , f ′j : P → Vα+2kj ⊗ V−α and
g′j : Vα+2kj ⊗ V−α → P such that
IdP =
∑
i
gifi +
∑
j
g′jf
′
j
where ni ∈ Z and kj ∈ Z \ r′Z.
In [28], a modified trace tP : EndC (P ) → C is defined for any projective module P .
The invariant F ′ of subsection 2.2 is defined on a larger class of graphs in S3. Namely, if
a C -colored ribbon graph T has at least one edge colored by a projective object P , then
cutting this edge yields a (1-1)-tangle whose image by the Reshetikhin-Turaev functor F
is an endomorphism f ∈ EndC (P ). Then F ′ is defined by F ′(T ) = tP (f) where tP is the
modified trace on P . The modified trace is non degenerate:
Proposition A.3. Let P ∈ C be a projective module and V ∈ C . Then the pairing
HomC (V, P )×HomC (P, V ) → C
(h1, h2) 7→ tP (h1h2)
is non degenerate.
This lemma is key to prove the 1-surgery relation (Proposition 4.8); because of its
topological nature we give a proof directly here :
Lemma A.4. Let k ∈ Z and α ∈ C¨, β ∈ C \ Z. If α ∈ Z, we assume k ∈ r′Z. Let fk be
the endomorphism of Vα+2k ⊗ V−α given by encircling two parallel lines with a component
labeled by Ωβ =
∑
i∈Hr d(β + i)Vβ+i. If k = r
′n ∈ r′Z then
fk = r
3q2r
′nβd(α)−1 Idσn ⊗(evVα ◦c˜oevVα), that is graphically
α
α+2r′n
Ωβ = r3q2r
′nβd(α)−1 σn
α
α+2r′n
with coupons colored by the identity,
and fk = 0 otherwise.
Proof. Let W = Vα+2k ⊗ V−α. Then W ∈ C0 and so all the weights of W are in 2Z. First
we show that fk is zero unless k = r
′n for some n ∈ Z. Let V be a weight module in C0.
By Lemma 4.9 of [12] we can do handle-slide moves on the circle component of the graph
representing fk ⊗ IdV to obtain via Proposition 4.4 of [12] the equality of morphisms:
(29) cW,V ◦ (fk ⊗ IdV ) = c−1V,W ◦ (fk ⊗ IdV ).
Note here that the Kirby color did not change after the handle slides because V ∈ C0.
The braidings cW,V , c
−1
V,W : W ⊗ V → V ⊗W are given by
cW,V = τ ◦R = τ ◦ qH⊗H/2(Id⊗ Id +(q − q−1)E ⊗ F + · · · )
and
c−1V,W = R
−1 ◦ τ = (Id⊗ Id +(−q + q−1)E ⊗ F + · · · )q−H⊗H/2 ◦ τ.
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Here the dots “· · · ” are linear combination of power (E ⊗ F )i with i ≥ 2.
Let x ∈ W be a weight vector of weight µ and set y = fk(x). Let v ∈ V be a weight
vector of weight ν. Let V ′ be the vector space span by {F iv}i≥2 and V ′′ be the vector
space span by {Eiv}i≥2. Applying (29) to x⊗ v we have
cW,V (y ⊗ v) = c−1V,W (y ⊗ v).
Now
cW,V (y ⊗ v) = τ ◦ qH⊗H/2(y ⊗ v + (q − q−1)Ey ⊗ Fv + ...)(30)
= qµν/2v ⊗ y + (q − q−1)q(µ+2)(ν−2)/2Fv ⊗ Ey + Y ′(31)
where Y ′ ∈ V ′ ⊗W . The last Similarly,
c−1V,W (y ⊗ v) = q−µν/2(v ⊗ y − (q − q−1)Ev ⊗ Fy + Y ′′)(32)
where Y ′′ ∈ V ′′⊗W . Setting the above equations equal we have Fv⊗Ey = Ev⊗Fy = 0.
Since V and v are arbitrary we have that Ey = Fy = 0. So (q − q−1)(EF − FE)y =
(K − K−1)y = 0 and K2y = y. Thus, µ ∈ rZ. But since we already knew µ ∈ 2Z we
have µ = 2r′n for some n ∈ Z. Let w be the generator of σ−n then E,F,H all act by
zero on the vector w ⊗ y ∈ σ−n ⊗ W . Therefore, w ⊗ y generates a trivial module in
σ−n ⊗W , but Hom(I, σ−n ⊗W ) ∼= Hom(I, Vα+2k−2r′n ⊗ V−α) = 0 unless 2k − 2r′n = 0.
Thus, y = fk(x) = 0 unless k = r
′n.
As HomUq(sl2)(σ
n, σn⊗Vα⊗V−α) ' HomUq(sl2)(σn⊗Vα⊗V−α, σn) ' C, then fr′n and
Idσn ⊗(evVα ◦c˜oevVα) are proportional. Let γ ∈ C be the coefficient of proportionality.
We compute γ by comparing the modified trace i.e. the value of N on the braid closure of
diagrams representing the two morphisms. The modified trace of Idσn ⊗(evVα ◦c˜oevVα) is
γ times the value of N on the disjoint union of two unknot colored with σn and α which
is (−1)n(r−1)d(α). On the other hand, let f¯r′n be the closure of the diagram defining fk.
Since Vα+2r′n ∼= Vα ⊗ σn we have that f¯r′n is a connected sum of three Hopf links. Using
Relations (11) the strand of f¯r′n labeled with σ
n can be removed up to a coefficient. In
particular, N(f¯r′n) = (q
2r′β)n(−1)n(r−1)N(f¯0). Now,
N(f¯0) =
∑
i∈Hr
d(β + i)d(β + i)−1(−1)r−1rqα(β+i)(−1)r−1rq−α(β+i) =
∑
i∈Hr
r2 = r3
Thus, (−1)n(r−1)d(α)γ = (−1)n(r−1)q2r′nβr3 so γ = d(α)−1q2r′nβr3. A.4
Let V,W ∈ C and let S′(V,W ) be the long Hopf tangle whose vertical strand is colored
by W and whose closed component is colored by V , oriented so that the linking number
of the two components is 1. Let
(33) ΦV,W = F

W
V
 = F (S′(V,W )) ∈ End(W ).
For j ∈ {0, 1, . . . , r − 2} There is a nilpotent xj ∈ End(Pj) determined by:
ΦV0,Pj = (−1)r+j2rxj , ΦPi,Pj = (−1)i2r(q(i+1)(j+1) + q−(i+1)(j+1))xj(34)
where i ∈ {0, 1, . . . , r − 2}.
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Lemma A.5 (General hopf links). ∀i, j ∈ {0, 1, . . . , r − 2} and ∀α, β ∈ C¨, one has
ΦVβ ,Vα =
(−1)r−1r
d(α)
qαβIdVα ΦSi,Sj = (−1)i
{(i+ 1)(j + 1)}
{j + 1} IdVj(35)
ΦSi,Vα =
{(i+ 1)α}
{α} IdVα ΦPi,Vα = (−1)
r−1r
q(r−1−i)α + q−(r−1−i)α
d(α)
IdVα(36)
ΦSi,Pj = (−1)i
{(i+ 1)(j + 1)}
{j + 1} IdPj +(−1)
i i{(i+ 2)(j + 1)} − (i+ 2){i(j + 1)}
{j + 1} xj .(37)
Lemma A.6 (The modified trace on Pj). Let t be the modified trace discussed above.
Then
d(Pi) = tPi(IdPi) = (−1)j+1(qj+1 + q−j−1) and tPi(xj) = (−1)j+1
Lemma A.7 (Twist on Pj). The action of the twist on Pj is given by
θPj = (−1)jq
j2+2j
2 (1− (r − j − 1){j + 1}xj)
and in particular is not of finite order.
Lemma A.8. Let r ≥ 2 and let V ∈ C0 be any module and for every α ∈ C \ Z let
φα : V → V be the endomorphism represented by encircling a V -colored strand by a Ωα-
colored 0-framed meridian. Then φα ◦ φβ = 0, ∀α, β ∈ C \ Z. Moreover if V = Pk, k ∈
{0, 1, . . . r − 1} then φα = 0 unless k = 0, in which case it is (−1)k+1xk.
Proof. First of all observe that one may fix a basis of V such that the matrix expressing
φα depends analytically on α ∈ C\Z. Then observe that for β /∈ α+Z the morphism rep-
resented by φα ◦φβ is equivalent (by sliding the Ωβ-colored over the Ωα-colored meridian)
to that represented by a disjoint union of a Ωβ colored 0-framed unknot and φα which
is the zero morphism as Ωα is a projective color. By analyticity in α we may drop the
condition on β /∈ α+ Z.
Let us now compute the invariant of (S2×S1, Pk×S1, ωα), k ∈ {0, 1, . . . r−1} where ωα
is the cohomology class whose value on the class of {pt}×S1 is α. We use the presentation
by surgery on 0-framed Ωα-colored unknot encircling a Pk colored unknot. It equals:
Z(S2 × S1, Pk × S1, ωα) = ηλ
∑
l∈Hr
d(α+ l)t(ΦPk,Vα+l)
= (−1)r−1 r
2ηλ
{rα}
∑
l∈Hr
{α+ l}(q(α+l)(r−k−1) + q−(α+l)(r−k−1))
= (−1)r−1 r
2ηλ
{rα}
∑
l∈Hr
{(α+ l)(r − k)} − {(α+ l)(r − k − 2)}
=
(−1)r−1r2ηλ
{rα}
∑
l∈Hr
{(α+ l)(r − k)} = (−1)r−1 r
2ηλ
{rα}r{r(α+ l)}δk,0 = δk,0
Now, since we know that φα is multiple of xk and the modified trace of xk is (−1)k+1 we
get the statement. A.8
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